Solution of inverse dynamics problems for
contour error minimization in CNC machines

Charlie A. Ernesto and Rida T. Farouki
Department of Mechanical and Aeronautical Engineering,
University of California, Davis, CA 95616, USA.

Abstract

For CNC machines governed by typical feedback controllers, the
problem of compensating for inertia and damping of the machine axes
is solved by a priori modifications to the commanded path geometry.
Standard second—order models of axis dynamics are expressed in terms
of the path parameter £ rather than the time ¢ as independent variable,
incurring ordinary differential equations with polynomial coefficients.
For a commanded path specified as a Pythagorean—hodograph curve
R(£) and a P controller, a modified path R(€) can be determined as a
rational Bézier curve, that precisely compensates for the axis inertia
and damping and thus (theoretically) achieves zero contour error. For
PI, PID, or P-PI controllers, exact closed—form solutions for R(£) are
no longer possible, but polynomial approximations may be computed
in the numerically-stable Bernstein basis on ¢ € [0,1]. The inverse-
dynamics path modification procedure is applicable to both constant
feedrates and variable feedrates defined by polynomial functions V (¢)
of the curve parameter. The method is described in the general context
of PID controllers, and its implementation is then demonstrated for
both P and PI controllers, governing motion along paths with extreme
variations of curvature and/or parametric speed.
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1 Introduction

CNC machines employ feedback control systems to independently drive each
machine axis in order to achieve a given speed of the tool along a given path,
relative to the workpiece. Due to the inherent machine/controller dynamics,
it is impossible to respond instantaneously to variations in commanded path
geometry and speed. Consequently, the actual machine motion deviates from
the desired motion in both path geometry (contour error) and speed along it
(feedrate error). Contour error incurs appreciable inaccuracy of the machined
part shape, but feedrate error has the less—serious consequence of altering the
overall machining time. The focus of this study is on the “inverse dynamics”
problem of identifying a priori modifications to the commanded path, for a
given feedrate, that will cause the physical trajectory generated by the CNC
machine to conform more closely to the original commanded path.

For brevity, we focus here on planar paths (the extension to spatial paths
is elementary) and we consider only the intrinsic machine dynamics, without
reference to cutting forces, external disturbances, etc.! (one can, in principle,
also compensate for such effects if quantitative models of them are available).
A standard second-order model [26] for the axis dynamics is used, together
with a P, PI, PID, or P-PI controller. For a commanded path specified as a
parametric curve R(€), the independent variable in the differential equations
governing the machine/controller dynamics is transformed from the time ¢ to
the curve parameter £ in accordance with a given (possibly constant) feedrate
function V' (£). By reverting these differential equations, a modified path f{({f )
is sought, such that the actual executed path — under the influence of the
machine/controller dynamics — agrees with the desired path R(§).

When expressed in terms of the curve parameter £, the machine/controller
dynamical equations have non—constant coefficients. It is advantageous to use
Pythagorean—hodograph (PH) curves [7] to specify the path R(§), because the
coefficients of these differential equations are then polynomials in . For a P
controller, the modified path R(£) can be exactly determined as a higher—
order rational curve. For more sophisticated controllers, exact descriptions
of f{(ﬁ) are no longer possible, but algorithms can be formulated to compute
a convergent sequence of polynomial approximations to it.

The focus of this paper is the inverse dynamics path—modification problem

!The intrinsic machine dynamics may dominate in high-speed machining [4, 19, 21, 22]
of complicated shapes, involving very large speeds and acceleration/deceleration rates.



for smooth analytic curves. A number of authors have recently investigated
path—modification procedures for CNC machines, primarily to reduce contour
error in the vicinity of sharp path corners through an “over—corner” approach
[5, 17, 18]. These methods invoke an ad hoc replacement of sharp corners by
smooth curve segments, empirically optimized to reduce contour error for a
given corner angle, rather than solving an inverse dynamics problem.

The plan for the remainder of this paper is as follows. Section 2 describes
the basic machine/controller dynamic models employed herein, expressed in
the time domain. These differential equations are transformed in Section 3 so
that the time ¢ is replaced by the curve parameter ¢ as independent variable,
and the inverse dynamics path-modification problem is formulated through
a reversion of the resulting equations (which have non—constant coefficients).
Section 4 presents an exact solution for the modified path in the case of a P
controller, and an approximate solution (allowing refinement to any desired
accuracy) in the case of a PI controller. Computed examples are presented to
illustrate the ability of the a priori path modification procedure to minimize
contour error along paths with strong curvature variations. Finally, Section 5
summarizes and assesses the results of the present study, and identifies other
promising directions for further investigation.

2 Machine/controller dynamics

Let (X (t),Y (¢t)) denote the commanded path and (z(t), y(¢)) the actual path
executed by a CNC machine, both parameterized by time ¢. Standard models
[1, 5] for the dynamics of CNC machines involve a determination of (z(t), y(¢))
from (X (¢), Y (t)) through differential equations of the form

ap % 4+ bpi 4+ i+ =d; X + e, X + X,
ay U + by + e,y +y=d,Y +e,V +Y, (1)

where dots indicate time derivatives, and the constant coefficients a, b, . ..
depend on the machine/controller physical parameters. Figures 1 and 2 show
block diagrams of typical physical systems giving rise to the equations (1).
For brevity, we discuss only the z—axis dynamics: similar principles apply
to the y—axis, with possibly different values for the physical parameters. The
system variables (and their dimensions) are as follows — u (V) is the control
variable; k, (A/V) and k; (N m/A) are the current amplifier and motor torque
gains; J (kgm?) and B (kgm?/s) are the z—axis inertia and viscous damping;
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T (Nm), w (rad/s), and @ (rad) are the motor torque, angular speed, and
position; and r, (m/rad) is the transmission ratio — i.e., the translation of
the axis for unit rotation of the motor shaft.

X

e u i T ® ] X
kot ki/s+kys Ka ke 1/(Js+B) 1/s T

+

Figure 1: Block diagram for the x—axis drive — the proportional, integral,
and derivative gains of the PID controller are k,, k;, and k4, whilee = X —z is
the difference between the commanded and actual axis locations. The power
amplifier converts the actuating signal u into a current 7 to the motor, which
produces a torque 7" that determines the angular speed w through the system
inertia J and damping B. The motor shaft angle 6, obtained by integration
of w, determines the axis linear position « through the transmission ratio r,.

We consider here several commonly—used forms for the controller transfer
function: PID control with proportional, integral, derivative gains k,, k;, k4
as shown in Figure 1 (with P and PI control as the special cases k; = k4 = 0
and kg = 0) and P—PI control as employed in [17, 18]. The latter, illustrated
in Figure 2, employs feedback of the motor angular speed w as well as the axis
position z. For brevity we set K = k,k;ry henceforth, since the parameters
ka, ki, 74 often occur in the form of this product. For each model, the system
transfer function and the coefficients in the governing differential equations
(1) will be derived below.

X 4 e + u i T 4] 0 X

Kop %ﬁ)—» Koy + kiy Is > Ky ke 1/(Js+B) 1/s Iy
H

Figure 2: Block diagram for z—axis drive with P—PI controller. The position
loop is closed by the P controller, with proportional gain k,,, and the velocity
loop is closed by the PI controller, with proportional gain k,, and integral
gain k;,. The remainder of the block diagram is identical to that in Figure 1.




2.1 PID controller

For the general PID controller in Figure 1, the transfer function relating the
Laplace transforms of the output z and the input X can be written as

x K (kgs® + kps + k;)

X T3+ (B+ Kkq)s> + Kkys + Kk;

This defines a third-order system, with three poles and two (real or complex
conjugate) zeros. The coefficients of the differential equations (1) are
J b — B+ Kk, Ky kq k,

g, =t e, =P

K—ki, T Kkz ) Cr = kz ) kz ) kz

Ap =

Analogous results hold for the y—axis dynamics, using appropriate values for
the physical parameters associated with that axis.

2.2 P controller

As a special case of the PID controller shown in Figure 1, consider the case
of a simple P controller, specified by the choices k; = k; = 0. The transfer
function then reduces to

T Kk,
X Js? + Bs+ Kk,

This describes a second-order system, with two (real or complex conjugate)
poles and no zeros. The differential equations (1) then have the coefficients

J B
a.’E:Oa bw:— C;v:K—kpa d:c:(]a 6;5:0,

with analogous results for the y—axis dynamics.

2.3 PI controller

Since a P controller cannot ensure zero steady—state error, it is often desirable
to upgrade to a PI controller (specified by k4 = 0 in the PID controller). In
this case, the transfer function becomes

£ . K(/{p8+kz)
X  Js$3+ Bs2+ Kkys + Kk;
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This defines a third—order system, with three poles and one (real) zero. The
differential equations (1) then have the coefficients

o

J B k
aw:—. bac:— cz:_p dz:()a exz_p

Kkz’ ]fz’ Z’

and analogous results hold for the y—axis dynamics.

2.4 P-PI controller

The P—PI controller, shown in Figure 2, involves feedback of the position z
through a P controller, and the angular velocity w through a PI controller,
yielding the transfer function

L Kk (kpos + kiy)
X J$3+ (B + Hkgkikyy)s? + koki(Hkiy + kppkpyTg)s + Kkppkiy

This describes a third—order system with three poles and one real zero — the
transfer function has the same form as the PI controller, but the coefficients
(and the physical parameters that determine them) differ. In the differential
equations (1), the coefficients are

o y _ Bt Hkakiky, _ iy, H
T Khpk ' ° Khkykiw " ki kpprg
k
dl‘ = O; T — ﬂa
‘ kiv

with analogous results for the y—axis dynamics.

3 Modelling in curve parameter domain

The time domain is conventionally used to study machine dynamics, but in
practice the desired path R(§) = (X (£), Y (€)) — generated by a CAD/CAM
system — is not parameterized by time, but rather by polynomial or rational
functions of a general parameter £. The parametric speed

o(§) = [R'()| = \/X'2(§)+YI2(§) _ j_z



of R(&) is the function specifying the rate of change of its arc length s with
respect to the parameter £. Ideally, one would like to have o = 1 (i.e., s = &),
but the only curves that admit parameterization by rational functions of their
arc length are straight lines [12, 13]. For the Pythagorean-hodograph (PH)
curves, o(€) is a polynomial function of the curve parameter [7].

For general parametric curves, the (constant or variable) speed or feedrate
V' = ds/dt must be specified along the path to fix the relation between the
curve parameter £ and elapsed time ¢. If the curve is reqular — i.e., it satisfies
o(€) # 0 for all £ — and the feedrate V' is everywhere positive, there will be a
one-to—one relation between the variables &, s, ¢ describing progress along the
path, but it is the curve parameter £ that the real-time interpolator algorithm
employs to compute path reference points (Xj, Y%) = (X (&), Y (&)) at each
servo sampling instant kAt, k= 0,1,2,... [14, 15, 20, 24, 25].

3.1 Transformation of equations

To formulate the inverse dynamics problem, the equations (1) are re—cast in
terms of the parameter &, rather than time ¢, as the independent variable.
This is accomplished by invoking the chain rule to observe that derivatives
with respect ¢t and & are related by

d dsdéd  Vd 5

& Adsde o & @)
Suppose that, for any given path and feedrate, the function £(t) specifies the
variation of the curve parameter with time. Applying (2) repeatedly, we can
express the derivatives of £(t) recursively? as

. 1% - oV =o'V .
f==, E=2"77¢
g g
V! =306V . | VAP Ve
f=T "0 i 02 e, 3)
g g

where primes indicate derivatives with respect to £&. The parametric speed o
and its derivatives, required in (3), can also be expressed recursively as

> - |RI|’ 0_/ _ RI.RH ’
g
RI . RIII R// 2 _ 12
o' = + R -0 , etc. (4)
o

2These relations were first developed in [15], in the context of formulating real-time
CNC interpolators for variable feedrate functions.
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In (3), the feedrate is assumed to be specified as a function V' (£) of the curve
parameter (if V' = constant, we have V' = V" = ... =0). Since o,0’,0",
are known functions of £, the expressions (3) are all known functions of €.

Writing V/o in (2) as € and applying it repeatedly, time derivatives can
be converted to & derivatives through

d .d &

&Zfd_g’ @_€d§2+6§
&

i §d§3+ §§d§2+§d_§’ etc.

Transforming the differential equations (1) in this manner, we obtain

%" + (3a.€ + b,6)€a" + (a2 € + bl + cub)d’ + @
= d&°X" + (o€ +e,6) X' + X,
ayfgym + (3ay,€ +by&)¢ Y+ (ay & +by& + cy€) Yy +y
= d,&%Y" + (€ +e )Y + Y,
where again primes indicate derivatives with respect to £&. Substituting from
(3) and multiplying through by o®°, these equations can be written as

m

a; " + B + vx + b = N X'+ e X+ 1, X
gy + Byy" + vy + 0y = AY" 4+ Y + 1Y, (5)

where oy, B, ... are functions of &, defined by

a, = ayo’V3, ay = ay02V3 ,

Be = oV?[3a,(cV' —o'V) + bo?],

B, = oV?[3a,(cV' —d'V) +b,0?],

Yo = V[(az(cV' = 30'V) +b,0%)(cV' —o'V)
+agoV(oV" —a"V) + czo*],

vy, = V[(ay(aV' = 30'V) + b,0%)(cV' = o'V)
+a,oV(oV" = 0"V) + ¢cy0t],

by = 8, = Vg = 1y = 0,

A = dgo®V?, Ny = dyo’V?,

te = 02V [dy(cV' = 0'V) + ez0?],

ty = o’V [dy(aV' —d'V)+e,0?]. (6)
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If the commanded path R(§) = (X (£),Y (§)) is a PH curve, so that o(&) is a
polynomial, and the feedrate is a specified polynomial function V' (§) of the
curve parameter, the executed path r(§) = (z(€), y(§)) is the solution of the
differential equations (5), with the polynomials (6) in & as coefficients.

3.2 Inverse dynamics problem

Instead of computing the actual path from the commanded path, however, we
wish to use equations (5) to solve an “inverse” problem — we seek a modified

commanded path (X (£), Y (€)) that, subject to the machine dynamics, yields
an executed path exactly coincident with the original commanded path, i.e.,

A

(x(£),y(£)) = (X(£), Y(£)). Substituting (X(£),Y(£)) for (X(£),Y(£)) and
(X(£),Y(§)) for (x(£),y(€)) in (5), we obtain

A X"+ X+ X = X" + B X" + %X + 6, X,
MY" + uY' + Y = qV" + BY" + Y +6,Y. (7)

These are linear differential equations for X (£), Y (€) in which the coefficients
and right-hand sides are known polynomial functions of £&. We are interested
in finding solutions to these equations over the parameter domain £ € [0, 1].

In the case of a P controller, we have d, = e; = d, = e, = 0 and hence
Ae(€) = 112(€) = Ay (&) = 1, (€) =0, 50 X (€), Y (€) can be determined exactly
from (7) as rational functions (see Section 4.1). For PI control, d, = d,, = 0so
Ao (€) = Ay (€) = 0 and (7) are first-order differential equations for X (£), Y ()
requiring an initial condition for a unique solution. Finally, for PID control,
all the left—hand side coefficients in (7) are non—vanishing, and hence they are
second-order equations, requiring two initial conditions for a unique solution.
Note that, since o(£) and V' (§) are positive for all £, the differential equations
(1) have no singular points — i.e., there are no real values of £ at which the
coefficient of the highest-order term vanishes [2].

In general, linear differential equations with polynomial coefficients do not
admit “simple” (polynomial or rational) solutions: see the Appendix. As an
alternative, one may seek infinite power series solutions — but the truncation
error and radius of convergence is often difficult to assess. In the case of PI
or PID control, we therefore seek approrimate polynomial solutions to the
equations, represented in the numerically—stable Bernstein basis [8, 10, 11].

If the path R(§) = (X (£),Y(€)) is a PH curve of (odd) degree n, and the
feedrate function V(&) is a polynomial of degree m, we have deg(o) =n — 1
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and (assuming for simplicity that m < n):

deg(ag, o) = 3m+2n—2,
deg(Bs, By) = deg(As, Ay) = 2m+3n —3,

deg(Vz,vy) = deg(pa, fty) = m +4n — 4,
deg(6s,6,) = deg(vy,vy) = dn—5.

All the coefficients (6) are then of degree < 5n — 5, and the right-hand sides
in (7) are known polynomials of degree 6n — 5 in &, that can be expressed
[23] in the numerically-stable Bernstein basis on & € [0,1].

3.3 Interpretation of modified path

Before proceeding to a detailed description of the path modification and the
“induced feedrate” associated with it, one should have a clear picture of their
significance and their role in compensating for the machine dynamics.

For any given commanded path R(§) = (X (£),Y (£)) and feedrate V(€),
let R(€) = (X (€),Y(€)) be the modified path, obtained by solving equations
(7). For each & € [0,1] the points R(£) and R(€) of the original and modified
paths correspond to the same instant in time, namely

60'
1o = [ 7. ®)

Note, in particular, that the total traversal time 7' = ¢(1) is the same for the
modified path R(€) as for the original path R(€).

When using the modified path, the real-time interpolator should compute
reference—point parameter values &1, &, &3, . . . corresponding to the sampling
times At,2At¢,3At, ... based upon the original commanded path R(§), its
parametric speed o(€), and the original feedrate function V'(£). The output
of the real-time interpolator, however, will be the sequence of reference points
f{(§1), f{(§2), f{(é-g), ... on the modified path — rather than the points R(&;),
R(&), R(&), - .. on the original commanded path. In other words, the real-
time interpolator algorithm is modified only in the final step, to compute the
reference points from &;, &, &3, ... using f{(f) instead of R(€).

The parametric speed 6(£) and cumulative arc length §(&) of the modified
path R (&) are defined by

5(6) = IR()] = \/X2(6) + 72(¢)
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and ¢
() = [ aac.

Now the modified path R(€) and time function (8) define an induced feedrate
V(€) that differs from the feedrate V (€) specified for the original path R(&).
This can be seen by noting that

Vza% and IA/:&%, 9)
where the function £(¢) in (9) is unique — it identifies corresponding points
on R(£) and R(€) at each time ¢. Since o(£) and &(€) are in general different,
V(€) and V (€) also differ: from (9) see that V/V = /0. Note, in particular,
that a constant feedrate feedrate V specified for R(§) will generally incur a
variable induced feedrate V along the modified path R().

There is no need to explicitly compute the induced feedrate: the real-time
interpolator algorithm generates it “implicitly” by a non—uniform spacing of
the reference points R(fl),f{(&), f{(fg), ... at sampling times At, 2At, 3At,
... on the modified path. In the examples presented below, we shall see that
the modified path often exhibits tight “loops” with corresponding “spikes”
in the induced feedrate. This extreme behavior in the commanded motion is
necessary to overcome the inherent smoothing effects of the machine inertia
and damping. In combination, the modified path R(£) and induced feedrate
V(f) compensate for the machine/controller dynamics, to ensure a physical
output motion corresponding to accurate traversal of the original commanded
path R(€) at the original commanded feedrate V' (£).

4 Path modification procedure

We now discuss implementation of the path modification procedure, for the
case of P and PI controllers. The P controller permits ezact definition of the
modified path as a rational Bézier curve. For the PI controller, polynomial
approximations to the modified path are computed. Since the P-PI controller
is functionally equivalent to the PI controller, we shall not consider it further
here. Also, since the path modification scheme for a PID controller is more
complicated than for a PI controller in the implementation details, but not
in basic methodology, we omit full treatment of it here.

10



To compare machine performance in response to the original commanded
path R(€) and the modified path R(€) as input, the machine dynamics were
simulated in MATLAB using the 1sim function. As input to 1sim, a sequence
of reference points (corresponding to time increments equal to the sampling
interval At) was computed by a real-time interpolator algorithm, according
to the prescribed path and feedrate. In the simulations, a nominal sampling
frequency of f = 1 kHz was employed, corresponding to a sampling interval
of At = 0.001 seconds. For cases where a constant feedrate V' was employed
with a P controller, the simulation was started at time ¢t = — T so the output
during the interval ¢t € [0,7] is representative of the steady-state behavior.

4.1 P controller

In the case of a P controller, we have a;, = d, = e, =0 and ay = d, = ¢, = 0,
and hence the coefficients (6) reduce to
aw:ay:)\z:)\y:ﬁbz:NyZOa
Be = b,0°V?, B, = bo’V?,
Ve = 0V [by(aV' = 0'V) + c0?],
v, = oV [b,(cV' = 0'V) + ¢, 0% ],
6w:5y:1/w=yy:o5.
Cancelling out the common factor 2, equations (7) then become
0*X = byoV2X" + V[by(oV' = 0'V) 4 cu0% | X' + 0°X,
o’V = b,oV?Y" + V[b,(cV' = 0'V) +¢,0*]Y' + oY . (10)
This allows us to determine the modified path explicitly as

A bpyoV2X" + V [by(cV' —'V) + 0% | X' + 03X

X = h ,
o
- b,oV2Y" + V]b,(cV' = d'V)+¢,0?]Y' + 53Y
Y = p : (11)

IfR(E) = (X(£),Y(§) is a PH curve® of degree n, and the feedrate V(€) is of
degree < n, expressions (11) specify the modified path R(&) = (X (£),Y(€))

3 Although we emphasize the PH curves here on account of their flexible and essentially
exact real-time interpolator algorithms, and the desire to obtain a rational modified curve

R(¢), it should be noted that expressions (11) apply to any analytic path R(£) for which
we can compute the parametric speed o = |R/| and its derivative ¢'.
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as a rational curve of degree 4n—3. When R() is a PH quintic, for example,
R(§ ) can be exactly represented as a degree 17 rational Bézier curve — whose
control points and weights can be readily derived from (11).

It is more convenient to regard the modified path f{(ﬁ) as a variable offset

R(¢) = R(¢) + AR(S) (12)

from the original path R(£), where the components of the vector displacement
function AR(§) = (AX (), AY(£)) are defined by

AX = b (V/o)2 X" + (V/o) [bs(V/o) +cs] X,
AY = b (V/o)’Y" + (V/o)[by(V/0) +¢, ]V,

with (V/o)' = (6V' — o'V /a?. Expression (12) offers a more efficient means
of evaluating the modified path than explicit representation as a high—degree
rational Bézier curve. In general, the displacement AR(§) will vary in both
magnitude and direction along the original path R(&). Note that for identical
axes — b, = b, (= b, say) and ¢, = ¢, (= ¢, say) — it can be expressed as

AR(E) = bER(E) + (bE+cOR'(9),

where £, € are given as functions of & by (3).

The simplest case is that of a constant feedrate V', i.e., V' = 0. It should
be noted that, in this case, the expression for AR(§) = (AX(£),AY (£)) is
non-vanishing at £ = 0 and 1, i.e., there is a discrepancy between the start
and end points of the original path R(€) and the modified path R(€). This
is a consequence of the fact that the constant feedrate V' applies to the entire
curve, —0o < & < 400, not just £ € [0,1]. Finite displacements at £ = 0 and
1 are needed to compensate for the machine/controller dynamics on passing
through those points with the constant speed V. To obtain a modified path
satisfying R(0) = R(0) and R(1) = R(1), one must use a feedrate function
V(&) with V(0) = V(1) = 0, i.e., the motion must start and end at rest.

Example 1 As test curve for the case of a P controller we use the PH quintic
interpolant [9] to the Hermite data (with dimensions in meters):

r(0) = (0.0,0.0),  r'(0) = (3.0,2.5),
r(1) = (0.7,0.1),  r'(1) = (2.5,-3.0),
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shown in Figure 3. In terms of the complex model [6] for planar PH curves,
the hodograph r'(§) = [wo(1 — €)% + w12(1 — )€ + wo&%]? of this curve is
the square of the complex quadratic polynomial with Bernstein coefficients

wo = 1.85810721 + 0.672727601 ,
w; = —1.11728797 + 0.432344371,
wy = 1.78957046 — 0.838189971 .

original curve modified curve

Figure 3: Left: the PH quintic test curve for Example 1. Right: the modified
curve defined by (11), that compensates for the machine/controller dynamics.

Correspondingly, the parametric speed o(&) is a quartic polynomial with the
Bernstein coefficients

oo = |wol’, o1 = Re(wowy),
09 = %[2 ‘W1|2 +RG(W2W0)],
o3 = Re(w1Wy), o4 = \W2|2,

and the arc length s(€) is the quintic polynomial with Bernstein coefficients

=
SZJJ- for k=1,...,5.

J=0

so =0 and Sk =

The total arc length of this curve is S = s(1) = s5 = 1.108098 m.

Figure 4 plots the parametric speed ¢ and curvature x of this test curve, as
functions of the arc length s(€) rather than the parameter £. Because of the
uneven parameter flow along the curve, plotting o and k as functions of &
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parametric speed o

60 | curvature K

0.0 0.25 0.50 0.75 1.0 0.0 0.25 0.50 0.75 1.0
arc length s arc length s

Figure 4: The parametric speed o (left) and curvature s (right) of the PH
quintic curve in Example 1, plotted as functions of the curve arc length s.

fails to adequately portray the severity of their variation, that challenges the
ability of the controller to faithfully execute the commanded path.

The same physical parameters are assumed for both the x and y axes, namely
ko = 8 A/V, kx = 0.5 Nm/A, r, = 0.002 m/rad, J = 0.01 kgm? B =
0.025 kgm?/s, and P controller gain k, = 10, so that K = k,k;ry, = 0.008,
by = b, = J/Kky, = 0.125, and ¢, = ¢, = B/Kk, = 0.3125. With these
values, the closed-loop system is stable for all positive &, (it is over-damped
for k, < 1.953 and under-damped for &, > 1.953). Also, we choose a constant
feedrate V' = 0.12 m/s, giving a nominal traversal time 7' = S/V = 9.23 s.

For the above parameters, Figure 3 shows the modification of the commanded
path defined by (11). A dramatic difference between the original and modified
commanded paths is apparent near the region of high curvature. The peculiar
rapid “looping” of the modified path is needed to compensate for the inability
of the machine/controller dynamics to respond sufficiently fast to accurately
track the sharply—curved region of the original path. By means of this looping
behavior, the modified path “tricks” the machine/controller into faithfully
executing the original commanded path.

The arc length S = 1.301524 of the modified path exceeds that of the original
path by ~ 17.5% and, since the traversal time must be equal (see Section 3.3)
to that for the unmodified path, the average induced feedrate on the modified
path must be proportionately higher. When b, = b, = b, ¢; = ¢y = ¢, and
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V = constant, one can express the derivative of R(€) as

30" —o0")V? Vo :| R

2

R = [1+b( .
o o

+ [c—3bv—} R” + bv R",

and its parametric speed is 6 = |R/ |- As observed in Section 3.3, the induced
feedrate along the modified path is V = (6/0) V and this is shown in Figure 5.
V conforms closely to the nominal value V = 0.12 m/s over most of R(€)
except the high curvature region, which incurs* a 9—fold “spike” in V. This is
a consequence of the fact that 6 does not decrease as dramatically as o, and
hence the ratio 6/0 becomes quite large. Figure 5 also shows the induced
feedrate for the case V' = 0.06 m/s.

10
0.15

o
©

o
o
T
o
i
[S)

feedrate (m/sec)
feedrate (m/sec)

I
~
T

o
)
T
o
o
o

0.0 I I I I I I I I I 0.00 | | . . I I I I I
0 1 2 3 4 5 6 7 8 9 10 0 2 4 6 8 10 12 14 16 18 20

time (sec) time (sec)

Figure 5: Left: induced feedrate V along the modified path f{(f) in Figure 3,
in the case of a constant feedrate V' = 0.12 m/s along the original path R(¢).
Right: induced feedrate in the case V = 0.06 m/s (note the different scales).

For fixed values of all the other parameters, it is interesting to see how the
modified path R(¢) depends on the constant feedrate V and controller gain
k,. The effect of decreasing and increasing V' is illustrated in Figure 6, while
Figure 7 shows that of decreasing and increasing k,. For simplicity, a constant
feedrate V' is employed in this example. As observed above, this implies that
the modified path f{({f) does not coincide exactly with the original path R()
at £ = 0 and 1 — this discrepancy is apparent in Figures 3, 6, and 7.

4This spike in feedrate, together with the looped path in Figure 3, comprise the severe
commanded behavior necessary to compensate for the machine inertia and damping, in
executing the high—curvature region of the original curve at a fixed feedrate V' = 0.12 m/s.
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Figure 6: Modified path for constant feedrates V' different from the nominal
value 0.12 m/s used in Figure 3 — left: V = 0.06 m/s, right: V = 0.18 m/s.

Figure 7: Modified path for feedrate V' = 0.12 m/s and controller gains k,
different from the nominal value 10 in Figure 3 — left: k, = 5, right: &, = 20.
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original path modified path
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Figure 8: Comparison of commanded and executed motions for original (left)
and modified (right) paths. In the former case, the executed motion deviates
significantly from the desired path. In the latter case, however, the executed
motion is essentially indistinguishable from the original commanded path.

Figure 8 compares commanded and executed trajectories (generated by
the MATLAB simulations) for both the original path R(§) and the modified
path R(€) as input, and a fixed feedrate V = 0.12 m/s. For the original path,
the executed trajectory deviates appreciably from the commanded path, due
to the finite inertia and damping of the machine axes. When the modified
path is used as input, on the other hand, the executed trajectory is essentially
identical to the desired path R(€). Furthermore, the modified path R(€) and
induced feedrate® V(f) in combination yield an executed feedrate essentially
identical to the desired constant feedrate V = 0.12 m/s. Figure 9 compares
the actual feedrates for the original and modified paths, obtained from the
MATLAB simulations. The feedrate fluctuations in the former case are rather
small, and they are essentially eliminated using the modified path input.

The position error is defined, at each instant, as the distance between the
actual machine position, and the position along the specified path R(€) that
corresponds to the prescribed feedrate V. Figure 10 illustrates the variation
of position error obtained from the MATLAB simulations, for both the original
and modified paths. This may be viewed as consisting of two components —
the feed error in the tangent direction, and the normal error orthogonal to it
(taken as positive on the right of the curve tangent). As noted in Section 1,
the feed error amounts to a timing discrepancy along the desired path, rather
than a geometrical deviation from it. Figure 10 also shows the normal error,

5Note that V is generally non—constant, even when V' is constant (see §3.3).
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Figure 9: Measured deviation (from MATLAB simulations) of actual feedrate
about desired value 0.12 m/s for original path (left) and modified path (right).
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Figure 10: Left: total position error (instantaneous distance between actual
and desired position) from MATLAB simulations, for the original and modified
paths. Right: Normal component of the total position error for these paths.

a better measure of the actual contour error — i.e., the geometrical distance
between the desired and executed paths.

The maximum magnitude of the normal error is 0.0377 m for the original
path and 0.000139 m for the modified path. Hence, the modified path gives
a normal error more than two orders of magnitude smaller than the original
path. In fact, when using the modified path as input, the normal error of the
output path was found to decrease as the sampling frequency was increased,
indicating that it is primarily due to discretization of the input.

The Hausdorff distance [16] is a more rigorous measure of the difference
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between two curves. For arbitrary point sets S;, So C R” it is defined by
distance(S, S2) = max( p(S1,S2), p(Se, S1)),

where

Sj» Sk) = in |pj — Pkl
P(S5,8k) = max min |p; — Py |

The Hausdorff distance of the executed path from the desired path is found
to be 0.0376 m for the original path, and 0.000006 m for the modified path.

0.8

02}

0.6 -

modified path 0.0

I
~
T

original path

.. original path

x axis acceleration (m/s?)
o
N

modified path

time (sec) time (sec)

Figure 11: Left: z—axis acceleration from MATLAB simulations for original and
modified paths. Right: y—axis acceleration for original and modified paths.

Finally, Figure 11 shows the z and y axis accelerations, using the original
and modified paths. The acceleration magnitudes are evidently higher when
using the modified path — as expected if the machine is required to traverse
regions of strong curvature at high feedrates. In implementing modified paths
on real CNC machines, one should verify a prior: that such high accelerations
will not exceed the torque capacity of the axis drive motors.

4.2 PI controller

For a PI controller, we have d, = d, = 0 and (¢, ¢;) = (ez, €,) and by writing
(X,Y) = (X,Y) + (AX, AY) as before, equations (7) reduce to

peAX + v AX = 0, X" + B X" + 7. X',
pAY' + v, AY = a,Y" + B,Y" + 7,Y", (13)

where 7, = V [ (az(cV'—30'V) +b,02)(cV'—0'V) + a0V (cV" —0"V) ] and
4y is analogously defined. These are linear, first—order differential equations
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for AX(£), AY (§) with polynomial coefficients. Since they do not ordinarily
possess exact polynomial solutions (see the Appendix), we seek polynomial®
approzimations of the solutions, expressed in the Bernstein basis on [0, 1].
For brevity, we shall treat only the x equation in (13).

We denote the Bernstein basis of degree n on £ € [0,1] by

@ = (T)a-omes im0,

and we define b7(£) = 0 when ¢ < 0 or 7 > d. If the commanded path R(&)
is a degree-n PH curve, its parametric speed o(£) and the feedrate function
V(€) can be expressed in Bernstein form as

o) = Yo, V(e = Y.

Approximating the z—component of the displacement AR(£) by a polynomial
of degree d, we write

AX(€) = Y AX ().

d—1

AX'(E) = Y d(AX i — AX) bI(E). (14)

1=0

Since equations (13) are first order, initial conditions must be specified for a
unique solution. We take AX(0) = AXy, =0 and AY(0) = AY, =0, so the
modified path coincides with the original commanded path at & = 0.

The polynomials (6) are constructed in the Bernstein form on £ € [0,1].
The right-hand side of the z equation in (13) is then a known polynomial of
degree 6n — 5, which we denote Q;(£). We wish to choose AX3,...,AX, in
(14) to make the left—hand side of (13) agree “as close as possible” to Q(&).

A number of different methods, with associated measures for closeness of
approximation, are possible. By expressing the left and right hand sides in
the Chebyshev basis on [0,1], for example, approximations that minimize

6 Another possibility is to use piecewise—polynomial (spline) approximations, additional
freedoms being obtained by increasing the number of knots rather than the degree.
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the maximum error over that interval can be determined. Another approach
is a least—squares minimization of the expression

P, A% = [ e (OAX(E) + va(O)AX(E) — Qu(€) ] de

yielding a system of linear equations for AX7, ..., AX,. Or for suitable nodes
&1, ..., &4 one can obtain these coefficients through an interpolatory process,
requiring the left—hand side to agree in value with Q,(&) at the nodes.

Such methods incur important considerations regarding (1) the condition
(sensitivity) of the coefficients with respect to changes in the input data; (2)
the convergence behavior of the approximants; (3) the ability to ensure that
the approximants satisfy a prescribed tolerance; and (4) computational cost
of the method. A detailed analysis/comparison of all these factors is beyond
our present scope, and we defer it to a later study. At present, we are content
to employ a simple approximation scheme to illustrate the path modification
for a PI controller, based on choosing the coefficients AX7, ..., AXy so that
the left-hand side of (13) agrees with Q.(£) at the d Chebyshev nodes

1 k
gk:§[1—cos<d—_”1>], k=0,...,d—1. (15)

It is well-known [3] that interpolation at the Chebyshev nodes suppresses the
spurious oscillations that interpolants on uniform nodes are susceptible to.
To avoid numerical stability issues, the linear equations for AXy,..., AXy
were constructed and solved in the MAPLE computer algebra system.

Example 2 For the PI controller, the PH quintic curve R(§) of Example 1 is
chosen as the commanded path, again with a constant feedrate V' = 0.12 m/s
and the same physical parameters as before, and k, = k; = 10 as the P and I
controller gains. For the chosen parameters, the closed—loop system is stable
with poles at —1.242708 and —0.628646 £ 2.458121.

Note that the Chebyshev nodes (15) are more densely spaced at the ends
of the interval £ € [0,1] than at the center, where the high—curvature region
of the path occurs. To ensure accurate approximation of the modified path
we choose a relatively high approximant degree, d = 30.

Figure 12 compares the commanded and executed motions obtained with
the original and modified paths, using the PI controller (it is interesting to
compare these with the results from the P controller — see Figure 8). Using
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Figure 12: Commanded and executed motions for original (left) and modified
(right) paths, using the PI controller — compare with P controller motions in
Figure 8. With the original path, the executed motion deviates significantly
from the desired path. With the modified path, however, the executed motion
is essentially indistinguishable from the original commanded path.

the original path, the executed motion exhibits a very significant deviation
from the commanded path, although the integrator in the controller allows
the machine to rapidly “recover” from this deviation after it passes the high—
curvature region. Using the modified path, on the other hand, the executed
motion corresponds to an accurate traversal of the original commanded path,
at the commanded feedrate V = 0.12 m/s.

Figure 13 compares the total and normal path errors for the original and
modified paths obtained with the PI controller. Note that the adopted initial
conditions AX (0) = AY'(0) = 0 for the differential equations (13) guarantee
zero error at the start of the simulation. Also, the presence of an integrator in
the controller transfer function effectively suppresses the error for the original
path after a while. The normal error results are qualitatively similar to those
obtained with the P controller: for the original path, the maximum normal
error is of similar magnitude (but opposite sign); for the modified path, the
normal error is essentially indistinguishable from measurement noise (caused
by discretization of the input).

Figure 14 compares the z and y axis accelerations along the original and
modified paths obtained with the PI controller. Because of the new controller
transfer function, the accelerations along the original path differ from those
for the P controller. On the other hand, the x and y axis accelerations along
the modified path obtained with the P and the PI controller are essentially
identical, since in both cases the modified path effectively compensates for
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Figure 13: Measured path error (from MATLAB simulations) for the original
and modified paths using a PI controller with gains &k, = k; = 10 and feedrate
V' =0.12 m/s — left: total position error, right: normal position error.
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Figure 14: Axis accelerations (from MATLAB simulations) for the original and
modified paths when using a PI controller with gains k£, = k; = 10 and
feedrate V' = 0.12 m/s — left: z—axis acceleration, right: y—axis acceleration.
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the machine/controller dynamics to yield an output motion corresponding to
accurate traversal of the original path at the specified V' = 0.12 m/s feedrate.

The above approach also applies in the case of a PID controller, differing
in the details for the computation of the coefficients of AX (), AY (§) but
not in the basic methodology.

5 Closure

A novel approach to compensating for contour errors incurred by the inherent
dynamic limitations of CNC machine/controller systems has been introduced,
based on computing an a priori modification f{(f) of the commanded path
R(§). For a specified feedrate variation V' (£), the independent variable in the
dynamical equations is first transformed from time ¢ to the curve parameter &.
By reverting the equations (i.e., swapping the input/output roles) a modified
path R(€) that — modulated by the machine/controller dynamics — exactly
yields the desired path R(&) as the physical output, can be characterized as
the solution of linear differential equations with polynomial coefficients.

In the case of standard second—order models for machine axis dynamics, a
P type controller, and a Pythagorean—hodograph (PH) curve as the original
commanded path R(€), the modified path R(€) can be exactly described as a
higher—order rational curve. Exact closed—form solutions are not possible for
more sophisticated controller types, but accurate polynomial approximations
can be readily determined through interpolatory or least—squares procedures.
These methods will be fully developed and investigated in subsequent papers.

The intent of this paper was to describe the fundamental methodology of
the inverse-dynamics path-modification procedure, and to demonstrate its
efficacy in reducing contour error through illustrative examples involving P
or PI controllers and constant feedrates along paths with strong variations of
curvature or parametric speed. More detailed results concerning the practical
implementation, experimental performance analysis, and optimal choice of
control parameters for the method will be presented in due course.

Appendix: ODEs with polynomial coefficients

When the machine/controller dynamical equations are transformed from the
time ¢ to the curve parameter £ as the independent variable, their coefficients
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become polynomials in € rather than constants. Although all derivatives of
a polynomial function are polynomials of lower degree, differential equations
with polynomial coefficients do not (in general) possess polynomial solutions.
Since this fact is of fundamental importance to the inverse dynamics problem,
but not well-known, we now briefly review from first principles the restricted
conditions under which polynomial solutions may exist.

Consider an inhomogeneous linear differential equation of the form

d’ d
ar(@) s + -+ a(@) 30 +ao(e)y = b(x), (16)
where a,(z),...,a(x) and b(x) are polynomials. To see why this does not (in

general) admit a polynomial solution y(x), let deg(ay) = ¢, for k =0,...,r,
deg(b) = m, and y(z) = co+c1x+- - -+c,z". Recall [2] that the most general
solution of (16) is expressed in terms of arbitrary constants A1, ..., A, as

y(ﬂ?) = )\lyl(x) + o+ )\ryr(x) + yp(x),

where y;(z), . .., y,(z) are linearly-independent solutions of the homogeneous
equation, and y,(z) is a particular solution of the inhomogeneous equation.
Consider first the homogeneous equation, corresponding to b(z) = 0 in (16).
If y(x) = ¢y + c1z + - - - 4+ c,z", the left-hand side is a polynomial of degree

d=n+ Orgﬁécr(fk — k) (17)

in z, and clearly d > n. To satisfy the homogeneous equation, this polynomial
must vanish identically. This corresponds to requiring the n + 1 coefficients
Co, - - - » €, Of y() to satisfy d+1 homogeneous linear equations (where d > n).
For a non—trivial solution, (cy, ..., ¢c,) # (0,...,0), the matrix of this linear
system — with entries defined by the coefficients of ao(z), ..., a,(x) — must
be of rank < n + 1. Since this deficiency in rank is only achieved for special
choices of the polynomials ay(z), ..., a,(x), the solutions y; (), ..., y,(x) of
the homogeneous equation are not, in general, polynomials in z.

Consider now the inhomogeneous equation. The degree (17) of the left—
hand side of (16) with y(z) = co+c12+- - -+ ¢, 2™ must agree with the degree
of b(x) — i.e., we must have

m = n + max (¢ — k).
0<k<r
If this is satisfied, the differential equation (16) reduces to a system of m + 1
linear equations for the n+ 1 coefficients ¢y, . .., ¢, of y(x). Clearly, we must
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have m < n and hence ¢, < k for k = 0,...,r if these equations are not to
be over—determined. Specifically, this implies that (16) does not (in general)
have a polynomial solution y(z) if ag(z), a1(x), az(z), ... are of higher degree
than constant, linear, quadratic, ... in x. Hence, the inhomogeneous equation
does not admit polynomial solutions for general choices of ay(x),. .., a,(z).
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