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Abstract

When a moving (real or virtual) camera images a stationary object,
the use of a rotation—minimizing directed frame (RMDF) to specify the
camera, orientation along its path yields the least apparent rotation of
the image. The construction of such motions, using curves that possess
rational RMDFs, is considered herein. In particular, the construction
entails interpolation of initial/final camera positions and orientations,
together with an initial motion direction. To achieve this, the camera
path is described by a rational space curve that has a rational RMDF
and interpolates the prescribed data. Numerical experiments are used
to illustrate implementation of the method, and sufficient conditions
on the two end frame orientations are derived, to ensure the existence
of exactly one interpolant. By specfiying a sequence of discrete camera,
positions/orientations and an initial motion direction, the method can
be used to construct general rotation—minimizing camera motions.
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1 Introduction

A directed frame (o(t), u(t), v(t)) along a space curve r(t) is an orthonormal
basis for R?® such that o(t) = r(¢)/|r(¢)| is the unit polar vector, defining the
direction from the origin to each curve point, while u(t), v(¢) span the plane
orthogonal to o(t) — the image plane in camera orientation control. Such a
frame is said to be rotation-minimizing if its angular velocity w(¢) maintains
a zero component along the polar vector o(t), i.e., o(t) - w(¢t) = 0. Rotation—
minimizing directed frames (RMDFs) were introduced in [7], motivated by
the problem of controlling the orientation of a (real or virtual) camera about
its optical axis, as it traverses a curved path, so as to incur the least apparent
rotation of the object (fixed at the origin) being imaged.!

Rotation-minimizing adapted frames (RMAFs) have received much more
attention than directed frames. For an adapted frame on a space curve, one
frame vector coincides with the curve tangent, while the other two span the
curve normal plane — the frame is rotation—minimizing if its angular velocity
maintains a zero component along the curve tangent. RMAFs are useful in
robotics, animation, spatial motion control, geometrical sweeping operations,
etc. In particular, the possibility of constructing exact rational RMAFs on
polynomial space curves [1, 6, 9, 11] is a promising new development.

The focus of this paper is on the construction of rational space curves that
have rational RMDF's, by interpolation of initial /final positions p; = d;0; and
p; = droy (where d;, df > 0) and directed frames (0;, u;, v;) and (of, uy, vy).
Now the theory of directed frames coincides [7] with that of adapted frames,
applied to the anti-hodograph — i.e., indefinite integral — of the given curve.
Correspondingly, polynomial curves with rational directed frames must be
Pythagorean (P) curves [7], just as polynomial curves with rational adapted
frames must be Pythagorean—hodograph (PH) curves [6, 9, 12]: only P curves
have rational unit polar vectors, and only PH curves have rational unit tanget
vectors. These observations allow us to carry over many results and methods,
established in the context of PH curves, to that of P curves.

Specifically, a Hermite interpolation algorithm for polynomial PH curves
with rational RMAFs, recently developed in [10], is adapted herein to obtain
an analogous Lagrange interpolation algorithm for polynomial P curves with
rational RMDFs. The algorithm in [10] constructs spatial rigid-body motions
specified as G spatial PH quintics with rational RMAFs. Its adaptation to

1 This issue has not been addressed in prior camera motion studies — e..g., [4, 13].



the present context, however, yields spatial P quartics with rational RMDFs
that are only G° continuous. To achieve a G' continuous scheme for rotation—
minimizing camera motion, one might consider the full Hermite interpolation
problem — i.e., interpolation of initial/final unit tangents t;, t; for the path,
as well as initial/final positions and directed frames.

To obtain sufficient degrees of freedom, however, this requires P curves of
degree greater than 4. Now the condition for rational RMAFs on PH curves
of degree n is equivalent to that for rational RMDFs on P curves of degree
n — 1. Although sufficient-and-necessary conditions for rational RMAF's are
now available [11] for PH curves of arbitrary degree, only degree 5 PH curves
(analogous to degree 4 P curves) have thus far been characterized [6, 9] by
simple coefficient constraints, amenable to constructive algorithms.

As an alternative approach to constructing the desired G* spatial motion,
we relax one of the two end-tangent interpolation constraints, and employ
a rational (rather than polynomial) interpolant curve. The proposed scheme
constructs a rational curve p(t) with a rational RMDF (o(t),u(t),v(t)) for
t € [0,1], where o(t) = p(t)/|p(t)| is the unit polar vector, that satisifes the
end-point interpolation conditions

_ _ PO _
p(O) = dioi y (0(0), u(O), V(O)) = (Oi, u;, VZ') y |pl(0)| = tz , (1)
p(1) = drog,  (o(1),u(1),v(1)) = (of,uy,vy), (2)

where we assume that oy # o;. It is convenient to decompose t; in the form

t; = ¢f; + s;0;, (3)

where f;-0; =0, |fi| =1, ¢? +s? =1, and ¢; > 0.

The plan for this paper is as follows. After presenting an overall outline
of the scheme in Section 2, the basic definitions and properties of polynomial
Pythagorean curves that possess rational RMDFs are reviewed in Section 3.
Section 4 then discusses construction of a quartic P curve r(¢) with rational
RMDF that interpolates the given end frames, in terms of which the rational
polar indicatrix o(t) = r(t)/|r(¢)| is determined in Section 5. The interpolant
p(t) = p(t) o(t) is defined in Section 6 by scaling o(¢) with a polynomial p(t)
so as to interpolate the given end points and initial motion direction. Finally,
Section 7 outlines the algorithm for constructing camera motion interpolants,
Section 8 presents some computed examples, and Section 9 summarizes the
key results of this paper and suggests topics for further study. The Appendix
contains some rather technical results that are used in the body of the paper.



2 General procedure

For a space curve satisfying r(t) # 0 for ¢ € [0,1] the polar vector o(t) =
r(t)/|r(t)| defines a curve on the unit sphere — the polar indicatriz of r(t).
Now the variation of the RMDF along r(¢) depends only on o(t), not on the
polar distance |r(¢)| from the origin. Hence, for a given polar indicatrix o(t)
and any polynomial p(t) that is positive on [0, 1], the curves defined by

p(t) = p(t)o(t) (4)

have identical RMDFs. The polynomial p(¢) can be used to specify the polar
distance of p(t) from the origin, without altering its RMDF. In view of this,
we employ the following procedure to construct the desired interpolant p(t).

1. Compute a P curve r(t) of degree < 4 (see Section 4) with r(¢) # 0 for
t € [0,1] such that

r(0) = o, r(l) = Aoy, (5)

{ (0(0),u(0),v(0)) = (04, us, vi), (6)
(o(1),u(1),v(1)) = (of, uy,vy),

r'(0) = uf;, (7)

where \ and p are positive free parameters, and (o(t), u(t),v(¢)) is a
rational RMDF associated with r(t);

2. define the associated rational polar indicatrix o(t) = r(¢)/|r(¢)| on the
unit sphere — see Section 5;

3. define the interpolant to conditions (1)—(2) by (4) with rational RMDF
(o(t),u(t),v(t)) by computing a suitable polynomial p(t), positive for
t €[0,1] — see Section 6.

3 Polynomial curves with rational RMDF

The distinctive property of a polynomial Pythagorean (P) curve r(t) is that
its polar distance |r(t)| is a polynomial in the curve parameter ¢. Since this
is equivalent to the requirement that its anti-hodograph is a PH curve, a P
curve can be generated [7] by a quaternion product of the form

r(t) = A(t)iA(1), (8)
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where A(t) = u(t)+v(t) i+p(t) j+q(t) k is a quaternion polynomial of degree
m for a P curve of degree n = 2m, and A*(t) = u(t) —v(t)i—p(t) j—q(t) k is
its conjugate.? To obtain sufficient degrees of freedom, we focus on the case
deg(A(t)) = 2 — i.e., quartic P curves defined by substituting a quadratic
quaternion polynomial

Alt) = Ag(1—1)? + 4121 =)t + Ay t? (9)

into (8). The control points p; = z;i+ y; j + z; k of the Bézier form

4

0 = 3w (}) a0 (10)

1=0

are then given by

po = AoiAg,

p1 = 5 (Agi A7+ A1iAy),

P2 = L (Agi AL +4A41i47 + Ai Ay, (11)
ps = 3 (AiiA;+ A i AL,

ps = AyiAj.

Now the set of P quartics that have rational RMDFs can be identified by
analogy with the set of PH quintics that have rational RMAFs [7]. Namely,
the curve (10) has a rational RMDF if and only if the quaternion coefficients
of (9) satisfy [6] the vector constraint

./41 i./‘li< = VeCt(AgiAS) . (12)

By analogy with the analysis of rational rotation-minimizing frame (RRMF)
quintics in [10], the rational RMDF on a P quartic satisfying this constraint
can be defined as

(o(t) u(o) vit)) = POIELLEOIEEDEEL)

where B(t) = A(t)W*(t), and the coefficients of
W(t) = Wy(1 —t)* + Wy 2(1 — t)t + Wyt? (14)

2The scalar and vector parts of a quaterion A = (a,a) are denoted by a = scal(A) and
a = vect(A4) — see Chapter 5 of [5] for an appropriate review of the quaternion algebra.
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must be expressed in terms of Ay, A;, As to capture the RMDF. One may,
without loss of generality, set W, = 1, and the initial RMDF at ¢ = 0 is then
coincident with the Euler—Rodrigues frame [2]. The remaining coefficients
Wi, W, have known expressions in terms of the Hopf map form of PH curves
[9], which can be translated to the quaternion form as

(Aj Ai)rs (Ag A1) 1 (AT Az)s
| Ao|? [(AG A)1i]? ’

W, = and W, =

where

(.A)1,i = %(A —iAi)

denotes the quaternion obtained from A by deleting its j, k components —
ie, (Ai=u+viif A=u+vi+pj+ gk (note that the coefficients of
(14) are just complex numbers if we identify i with the imaginary unit i).

4 Construction of the P quartic

We begin by constructing a P curve that satisfies the interpolation conditions
(5)—(7). Without loss of generality, we take (0;,u;,v;) = (i, —j, — k) as the
initial frame, and for brevity we set

g = ixf;. (15)

Note that (i, f;, g;) define a right-handed orthonormal basis. Conditions (5)
and (7) then yield the quaternion equations

Agi Ay =1, A1 A5 = Aoy, (16)
and 2(A; — Ag) 1 A5+ Agi2(A] — Af) = pf;, which reduces to
20A i AT+ AL AY) = pufi +4i. (17)

The solutions of equations (16) can be expressed [8] in terms of free angular
parameters ¢y and ¢, as

Ay = i(cosgy +isingg), Ay = VAny(cosdy +isingy),  (18)

where n, is the unit bisector of i and of, defined by

if of #—1i, n, =j if op=—1i. (19)



Note that ny xi # 0 if oy # i. For later use, we also observe that the unit
bisector of i and 0; =i is just ng = i.

Invoking the analogy between rational RMDFs on P curves and rational
RMAFs on PH curves, the angles ¢g, ¢ can be determined as described in [10]
to satisfy interpolation of the given end—frames (0;, u;, v;) and (of, uy, vy). As
noted in [10], this problem admits solutions for arbitrary end—frames when
or # i. In particular, there are four pairs of admissible (¢g, ¢2) values which
— for the choice (04, u;,v;) = (i, — j, — k) — are of the form

(0,84), (m,m+ Ba), (0, Bg) , (m,m+ BB) .

The two possible differences ¢o — ¢9 = 84 and ¢ — @9 = Bp (corresponding
to the first and last two cases above) are analyzed below, writing £ to denote
B or Bp (see the Appendix for details of their computation). Furthermore,
the analysis below shows that one can take ¢y = 0 without loss of generality,
so there are only two alternatives for the P quartic interpolant.

First, we note that Ay = £1 if ¢y = 0 or ¢y = 7, and hence

Agi A7 + A A = £(A — A7) = £2vect(Ay),

Agi Al + Ayi Al = +(Ay— AL) = +2vect(Ay). (20)

Substituting the second relation above into (12) and using (18), we obtain
A i A = +£vect(Ay) = VAw, (21)

with
w = cos fny + sinfSny X1, (22)

where we use the fact that ¢, = 3 if o9 = 0 and ¢y = 4+ 7 if ¢g = 7. The
solution of (21) may be expressed in terms of a free angular parameter ¢, as

Ay = VA /|w|ny (cos ¢y +isingy), (23)

where .
n, = AWl (24)
|w + |wli
is the unit bisector of i and w/|w|. Consequently, we have
vect(Ay) = V' (cos ¢ wi + sin ¢y ws) (25)



where
W = \/|W|l’l1, Wo = \/|W|n1><i. (26)

The following lemma shows that when o # i, we have w # 0 and w xi # 0,
so n; and A; are well-defined, and certain degenerate cases are avoided.

Lemma 1. When of # i, the vectors w, wx1i, wi, Wy, and g; X (W1 X W)
are all non—vanishing.

Proof : From (19) we observe that n, and ny X i are non—zero and linearly
independent when o # i, and expression (22) then implies that w # 0 for all
B. Now if w x i = 0 with w # 0, we must have w = (i with ( # 0. Setting
w = (iin (22) and taking dot products with i and n, gives cos 8 (i-ny) = ¢
and cos 8 = ( (i-ny), which together imply that (i-ny)? = 1. From (19) this
is possible only if ny =1i, i.e., o = i. Hence, w x i # 0 when oy # i.

Now w; = 0 implies that n; = 0 — i.e., w = —|w|1i, since |w| # 0. This
amounts to the case ( = — |w| of the preceding argument, and is impossible
when o # i. Similarly, wy = 0 implies that n; x i =0, and thus w x i =0,
which has been ruled out when oy # i. Finally, g; x (w; x wy) = 0 implies
that g; x (n; x(n; xi)) = g;x[(i-ny;)n; —i] = 0. Since g; is orthogonal to i,
this is equivalent to i-[(i-n;)n; —i] =0, i.e,, (i-n;)? = 1. From (24), this
corresponds to w = |w|1i, contradicting w x i # 0 when oy #i. B

Having solved (16), we turn to condition (17). Invoking the first relation
in (20), this becomes

+vect(A;) = %fi +i. (27)

Form (15) we see that, since yu is a positive parameter, this is equivalent to

vect(A;)-g = 0, tvect(Ay) i =1, (28)

and
= ivect(Al) £, > 0. (29)

H
4
Using (25), conditions (28) can be written as a pair of linear equations

w8 W28 COS Qsl — 0 (30)
Wl'i W2'i sin¢1 :i:l/é/x
in cos ¢1, sin ¢;. Now from (26) we have wo -1 = 0. Also, from (24) and (26)
we obtain wy -i > 0 (since wy -1 = 0 implies that w = — |w| i which in turn

implies w xi = 0, and this was ruled out in Lemma 1).
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Now Lemma 1 implies that the first of equations (30) is non—trivial, since
Wi -g =Wy g =0 = g = (w; Xwy for some (, contradicting the fact
that g; x (w;xwy) # 0. Thus, a solution of the system (30) exists if and only
if wy - g; # 0. Concerning this, we note from (26) that ws-g; = 0 if and only
if n; - f; = 0, and from (24) this is possible if and only if w - f; = 0. Hence,
the condition for the existence of a solution to (30) can be written as

Recalling that (i, f;, g;) define a right-handed orthonormal basis, and using
(19) and (22), this can be re-written when o; # —1i as®

of -ficosB + o -g;sinf8 # 0, (31)

which always admits a solution 3 under the assumption that oy # =i, since
oy - g = oy - f; = 0 is impossible because (i, f;, g;) are orthonormal vectors.
When (31) is satisfied, the unique solution to (30) can be written as
I 1 : 1 Wi -8
cos ¢ = £ —= < sing; = F = -
VA Wy i VA (w2 - gi) (w1 - i)
The value of the positive parameter )\ is then determined by requiring that
cos® ¢; + sin? ¢, = 1, which gives

(32)

(w1 - g)° + (w2 - g)’ ?
(wy - 1)2(ws - g:)?

A= (33)
Now since the solutions (32) differ only in sign, if ¢; is the angle associated
with (¢g, #2) = (0, 3), the angle associated with (dg, ¢2) = (7,7 + 3) is just
7+ ¢1. Also, since the values (¢g, ¢1, o) = (7, 7+ ¢1, T+ ) generate exactly
the same curve as (0, ¢1, 3) we may set ¢o = 0 without loss of generality.

Finally, condition (29) becomes & v/\ (wy - f; cos ¢1 + wo - £ sin ¢y ) > 0,
and using (32) this is equivalent to

u (w1 ;) (wa - gi) — (wa- ) (w1 - g)

- = : > 0,
4 (wy - 1)(wo - &)
or (since i, f;, g; are mutually orthogonal unit vectors)
B (nxwy)-d g (34)

4 (wi-i)(we-gi)

3In the special case of = —1i, it becomes j - f; cos 8+ j - g; sin 8 # 0.
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From (26) one can verify that the numerator of the above expression has the
negative value — |w||n; xi|? (which can not vanish). Hence, since w; -i > 0,
this inequality becomes simply ws - g; < 0, and from (15), (24), and (26) one
can deduce that this is equivalent to

w-f; >0,
which, when o; # — 1, can be re-written as*
of -f;cosB + o -g;sinf > 0, (35)

which evidently reinforces (31). This can be regarded as a restriction on the
final frame orientation (o, uy, vy), relative to the initial frame (0;, u;, v;) =
(i, —j, — k). In terms of the angle g, € [0, 27) uniquely defined by

. _ (or - fi, 07 - &)
(sin f,, cos B,) = Jor o B (36)

the inequality (35) can be written as /(o - £;)2 + (of - g;)? sin(8, + 58) > 0,
and hence it is satisfied when

/B € (_/3*7 = /B*) . (37)

The Appendix gives sufficient conditions on the end frame orientations to
ensure that (35) holds for exactly one of the two values S4 or (p.

Finally, to ensure a well-defined polar indicatrix o(t) = r(¢)/|r(t)| on the
unit sphere from r(¢), we verify that |r(¢)| # 0 for ¢t € [0,1] as follows.

Proposition 1. r(t) # 0 fort € [0,1] when i # o;.

Proof : Since r(0) =i and r(1) = Aoy with A > 0, we need only consider
t € (0,1). Now |r(t)| = |A(¢)|%, so r(t) # 0 for t € (0,1) if and only if A(¢) is
non—vanishing on (0, 1). For (9) to vanish at some point ¢ € (0,1) a positive
value 7 = (1 — t)/t must exist, such that

2A1 :7'./40-’-%.

“In the special case oy = —1, it becomes j - f; cos B +j - g; sin 8 > 0.



Substituting into the rational RMDF constraint (12) and using A¢iA4j = i,
Asi A5 = Aoy, and (21) then gives

_ 1 . VA
w = §<ﬁl+?0f>. (38)

Now from (19) nyxi # 0 when of # i, and (22) then implies that w depends
linearly on i and o only when 5 = 0 or 7. Thus (38) cannot be satisifed in
the general case. In the special cases § = 0 or m, we have w = +n, from (22),
and it is also necessary that 72/vA = v/ A/72 —ie., A = 1% — for (38) to be
satisfied. However, this implies that w = 2 (i + o), which is incompatible
with the case § = 7. In the case § = 0, we must have |i+ of| = 2, and this
is impossible if i # of. B

5 Interpolation on the unit sphere

Based on the analysis of the previous section, the polar indicatrix of r(¢) on
the unit sphere can be defined as o(t) = r(¢)/|r(¢)|. As noted in Section 2,
the previously defined RMDF (o(t), u(t),v(t)) for r(¢) is also an RMF for
o(t), and it is such that conditions (6) hold. In addition, since

o E(D) — (o) - P (1) o(t)
o) = )| ’

we see that
0'(0) = r'(0) = pf;, (39)

u being the positive constant defined in (34), and f; the unit vector orthogonal
to o; defined by (3). The following algorithm summarizes the procedure for
computing at most 2 curves o(t) on the unit sphere, satisfying the prescribed
interpolation conditions.

Algorithm
input: (Oia u;, vi) = (ia _j’ - k)’ (ofa Uy, Vf)a fz
1. set g; = ixf; and define ny through (19);

2. end—frame interpolation: determine the two admissible values 54, 8p
for 8 = ¢ — ¢ as outlined in the Appendix — see also [10];
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3. for each S value, set ¢y = 0 and ¢, = [ and proceed as follows:

(a) define the vectors w and n; by expressions (22) and (24);
(b) define the vectors w; and wy through expressions (26);

(c) if the inequality (35) is not satisfied, return to step 2 and
choose the other S value;

(d) determine the quaternion coefficients Ay, Ay from (18);

(e) determine the parameter A from (33);

(f) determine the angle ¢; from (32);

(g) compute the quaternion coefficient 4; from (23);

(h

(i) determine the quartic P curve r(¢) from (10) and its
associated rational RMDF (o(t),u(t), v(¢)) from (13);

(j) define the polar indicatrix o(t) = r(t)/|r(t)|.

compute the Bézier control points py, ..., ps from (11);

output: at most 2 curves o(t) on the unit sphere with associated
rational RMDFs (o(t), u(t), v(¢)) that satisfy (6) and (39).

6 End-point/tangent interpolation

As noted in Section 2, any curve defined as p(t) = p(t) o(t) with p(¢) # 0 has
the same RMDF as o(t). If the curve o(¢) on the unit sphere is computed
as described above, p(t) will interpolate the prescribed initial /final frames.
When p(t) is a polynomial of degree k£ > 2 expressed in Bernstein form as

k

o) = Son(F)a-ope, (40)

i=0
the end—point conditions p(0) = d; 0;, p(1) = d; of are satisfied by choosing
pPo = dia Pr = dfa (41)

while the coefficient p; is used to satisfy interpolation of the initial tangent
p'(0)/|p'(0)| = t;, decomposed as in (3). Since p'(t) = p'(t)o(t) + p(t)o'(t),

11



and o'(0) = uf; where p is positive and specified by (34), we obtain p'(0) =
k(p1 — po)o; + popf;, and one can then verify that the choice

S;
o= po (1 i ‘,j—) (42)

yields p'(0)/]p'(0)| = t;. We observe that it is always possible to choose k
sufficiently large to ensure that p; > 0. For £ > 2, the remaining coefficients
P2, .-, Pr—1 must be chosen to guarantee that p(t) # 0 for ¢ € [0,1]. This
can be acheieved, for example, through the simple default choice

p2 = -+ = pp—1 = dr. (43)

7 Summary of algorithm
We may summarize the entire procedure as follows.

Algorithm

input: p; = d;0;, p; = dyoy, t;, and (0;,u;,v;), (o7, u, vy) with o; # or

1. perform the decomposition (3) of t;, where ¢; > 0 and the unit vector
f; is orthogonal to o;;

2. transform the initial data by a spatial rotation that maps (0;, u;, v;) to
(ia - ja - k)a

3. end—frame interpolation: compute interpolants o(t) on the unit sphere
(at most 4) and their associated rational RMDFs (o(t),u(t),v(t)) as
described in Section 5;

4. compute the positive constant p defined by expression (34);

5. end—point & tangent interpolation: assign po, - . ., pr through (41)—(43),
k > 2 being the least integer such that p; > 0, and define p(¢) by (40);

6. define the interpolant p(t) = p(t) o(t) and its associated rational RMDF
(o(t), u(t),v(t)) by (13);

7. transform back to original coordinates by inverting step 1.

output: at most 2 rational curves that satisfy p(t) # 0 for ¢t € [0,1] with
rational RMDFs (o(t), u(t), v(¢)) that interpolate the given data.
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8 Numerical experiments

The initial frame (0;, u;, v;) = (i, — j, — k) is used in the following examples,
in keeping with the convention stated in Section 4. A cubic was required for
the polynomial (40) in Example 1, and in all others a quadratic suffices. Note
that it is necessary to refer to the Appendix when interpreting the examples.

Example 1. The data to be interpolated in this case are specified as

ti=%, (O urvy) = Go—ko—i),  (dindy) = (3,2).

Then unit bisectors of i with o; and o; are then ng = i and ny = (i+j)/V/2,
and the quantity ¢ defined by equation (48) in the Appendix has the value
1/+/2. Hence, the parameter (50) is # = 17, and cos 27 = 0. Since, for the
given data, we have

of - f; = —0.554700, o -g; = —0.832050, jo-v;=—1, ky-v;=0,

where jo, ko are defined by expressions (46) in the Appendix, the conditions
of Proposition 2 (see the Appendix) are satisfied. The admissible values for
the angular variables (dg, ¢1, ¢2) are then

(0.000000,0.519146, 3.605240) or (m,0.519146 + 7, 3.605240 + 7) ,
while the parameter p defined by (29) has the positive value p = 10.301575.

Figure 1 illustrates the steps involved in constructing the motion interpolant.

Example 2. In the second example we consider the data
(1,-2,-3) (—1,-2,—4) ,

ti = T o = ———, ur = )

V14 d V21 r= b

where jo, ko are defined by (46), and (d;, dy) = (1.5,2.0). In this case

Vf =k2,

of - f; = 0968364, of-g; = 0.121046, Jjo-vy =0, ko-vp =1,
so Proposition 2 is again satisfied. The admissible (¢q, ¢1, o) values are
(0.000000, 0.124355, 0.000000) or (m,0.124355 + 7, ),

and (29) is satisfied with y = 1.935815. The interpolant is shown in Figure 2.
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15¢

Figure 1: Construction of the interpolant in Example 1. Top left: the polar
indicatrix o(¢) = r(¢)/|r(t)| on the unit sphere, obtained from a P quartic
r(t) with a rational RMDEF that interpolates the data (5)—(7). Top right:
the rational space curve p(t) = p(t)o(t) with a rational RMDF interpolating
the data (1)—(2), obtained by scaling o(t) by the polynomial (40). Bottom
left: the camera path together with the initial and final camera orientations.
Bottom right: sampling of the camera motion along the constructed path,
with orientation specified by the rational RMDF along p(?).
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Figure 2: The interpolant in Example 2. Top left: the polar indicatrix o(t)
on the unit sphere. Top right: the rational space curve p(t) = p(t)o(t) with
a rational RMDFthat interpolates the data (1)-(2). Bottom left: the camera
path, with initial and final camera orientations. Bottom right: sampling of
the camera motion, with orientation specified by the rational RMDF on p(?).
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Example 3. For this example, we use the initial tangent vector

o (1,-2,-3)
2 /_14 7

the final frame specified by

of = (—0.963624, —0.148250, —0.222375) ,
w = (—0.152057,0.988372,0.000000) ,
v; = (0.219789,0.033814, —0.974961) ,

and the polar distances (d;, df) = (1.5,2.0). In this case oy - g; = 0, and one
can verify that § = 0.134863 and 7 = 1.435521 radians. Hence, the conditions
of Proposition 3 are satisfied, and the admissible (¢y, ¢1, ¢2) values are

(0.000000,5.188873,1.094313) or (m,5.188873 + m,1.094313 + 7).

Correpondingly, (29) is satisfied with p = 8.193661. Figure 3 illustrates the
resulting camera motion. Note that, in this case, the polar indicatrix o(t) is
not a great circle arc on the unit sphere, even though the end points o;, of
and initial tangent f; are coplanar, because the great circle arc does not admit
a rational RMDF interpolating the prescribed end frames.

Compared with Examples 1 and 2, the camera path in this example seems
rather more convoluted, although its orientation is rotation-minimizing. In
order to secure the rotation-minimizing property with residual freedoms that
can be used to optimize the path geometry, it is necessary to use interpolants
of higher order than the minimal-degree solutions adopted herein.

9 Closure

A scheme for the design of rational rotation-minimizing camera motions, that
guarantee the least apparent rotation of the object being imaged, has been
developed. The method is based on translating the known characterization of
rational rotation-minimizing adapted frames on space curves to the context of
directed frames (incorporating the unit polar vector, rather than the tangent,
as a reference for the frame angular velocity). A motion segment is specified
by initial/final camera positions, orientations, and an initial motion direction.
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Figure 3: Construction of camera motion in Example 3. Top left: the polar
indicatrix o(t) on the unit sphere. Top right: corresponding rational curve
p(t) = p(t)o(t) with a rational RMDF, that interpolates the data (1)-(2).
Bottom left: the curve p(t) shown with initial and final camera orientations.
Bottom right: sampling of the camera motion along the constructed path,
with orientation specified by the rational RMDF along p(?).
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Such segments may be splined together to yield smooth motions interpolating
a prescribed sequence camera positions/orientations.

The procedure described herein is based on using the lowest—degree curves
with sufficient freedoms to interpolate the prescribed data, and conditions for
the existence of solutions have been determined. Using curves of higher order
should help to ensure existence of interpolants to arbitrary data, and provide
residual freedoms for optimization purposes. This requires characterizations
for rational RMDFs on higher-order curves than the P quartics.

Appendix

We derive here sufficient conditions on the end frame orientations, ensuring
that one of the two admissible values 54, 8g for the difference ¢ — ¢ satisfies
the inequality (35). To clarify how these conditions are obtained, we recall
the two—step procedure used in [10] to compute 3 so as to ensure interpolation
of the end frames (see [10] for complete details).
In the first step, the angle ¢y and another angle n are determined from
the relations
(sin 2¢, cos 2¢0) = (—Jjo - Vi, ko * Vi), (44)
(sin2n,cos2n) = (—jo - vi, ko - vy), (45)

where jo, jo and kg, ko are the reflections of j and k in ng, ny — namely,
b =2( -n)n, —j, k, = 2(k-n,)n, — k, r=0,2. (46)

Note that with (0;, u;, v;) = (i, — j, — k) we have ny = i, and hence (jo, ko) =
(—3,— k), (u;,vi) = (jo, ko) and ¢y = 0 or 7. For the other angle n there are
also two possibilities, n4 € [0,7) and ng € [ —m,0), with ng = n4 — 7.

In the second step 8 = ¢y — ¢q is determined by requiring that

arg (\/1 — (ycosB+dsinfp)2¢, — cos B¢, — sinﬁg) = ¢g—mn, (47)
where the complex numbers
Co = 0+1in, ¢, =1 —-1—-i7, €y = Y9 +i(1-6%)
are defined in terms of

v = i-(nyxmnyg) and 6 =mng-ny. (48)
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In the present context, ny = i implies that v = 0, and we can assume ¢y, = 0
without loss of generality (as noted in Section 4), so equation (47) becomes

arg (5\/1 —§2sin? B+ cos B + i(1 —§?) sin/a’) =, (49)

where n = 14 or ng. Now as 3 varies from —7 to +m, the complex value whose
argument appears on the left in (49) executes a closed path in the complex
plane that encircles the origin when || < 1 — which holds here since ny = i,
(19), and (48) imply that 0 < 6 < 1 when oy # o;. Consequently, equation
(49) admits a unique solution for each value of the angle 7 on the right, and
we shall henceforth denote by 84 € [0,7) and g € [—m,0) the solutions
associated with 14 and 7ng, respectively.

We are now ready to prove three propositions stating sufficient conditions
on the data to guarantee the existence of exactly one rational curve with a
rational RMDF interpolating the end—points, end—frames, and initial tangent
(1)—(2). Specifically we show that, for the given data, exactly one of 84, Op
satisfies (35). The first proposition deals with the general case o - f; # 0
and oy - g; # 0, while the other two treat the special cases of - g; = 0 and
o -f; = 0. In formulating these propositions, it is convenient to introduce an
angle 1) € (0, 27 ] equal to the right-hand side of (49) when 8 =17 —ie,,

n = arg(d +iv1—42). (50)
Note that, when 8 = — 7, the angle on the right in (49) is equal to —7.

Proposition 2. Suppose that of - f; # 0 and of - g; # 0, and let 1} be defined
by (50). Then if the inequalities

(o7 - fi)(or - @i)(J2-vy) <0,  kg-vyp = cos2i (51)
hold, exactly one of the two values B4, Bp satisfies (35).

Proof : Consider first the case o -f; > 0 and of-g; > 0. Then the angle (36)
satisfies 5* € (0, 37), and the inequality (35) holds if and only if £ lies in the
interval (—f,,m — (,) specified in (37). Hence [0,17] C (—8,,7 — B,) and
[—m, —37] N (=B, 7—B.) = 0. So it suffices to show that the conditions (51)
imply that 84 € [0, %ﬂ'] and fp € [—m, —%7‘(‘ |. Now from the characterization
(45) of 7, the conditions (51) allow us to conclude that n4 € [0,7] and
np € [—m,—m + 7] C [—m,—n]. Thus, it follows also that 84 € [0, 27 ] and
Bp € |-, —%7‘(]. The proofs for the other three possible cases, depending
on the signs of oy - f; and oy - g;, are analogous.
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Proposition 3. Ifof-g; = 0 and 7} is defined by (50), ezxactly one of the two
values B4, Bp satisfies (35) when

ko - vy > cos27. (52)

Proof : Consider the case of - f; > 0. Then the angle (36) is * = 7, and
(=p*,m—pB*) = (—3m, ;7). Now from (45) and (52) we must have n4 € [0, 7)
or 74 € (7T - ﬁa’]r]' If na € [Oaﬁ) then nB € [—7T,—7T + ﬁ) - [_7(’ _ﬁ)a S0
Ba € [0,37) and Bp € [—m,—3m). Then (4 is admissible and S is not.
By analogous arguments one can verify that, if n4 € (7 — 7, 7], then Bp is
admissible and 34 is not. The proof for the case of - f; < 0 is similar. &

Conditions (51) on the final frame orientation in Proposition 2 correspond
geometrically to requiring that vy lie in one of two half-spaces, defined by the
intersection of the volumes bounded by a plane orthogonal to js, and a cone
with axis ko and half-angle 27). In the special case oy - g; = 0, condition (52)
in Proposition 3 requires vy to lie inside the above—mentioned cone. Note
also that the conditions of Propositions 2 and 3 become more stringent when
0 ~ 1, i.e., when oy approaches o; = i, since then 7 ~ 0. Finally, a significant
case in which the assumptions of one of these two propositions hold is when
o7 -f; # 0 and u; = jo, vy = ko since we then have® ko v; =1 and jo-v; = 0.

The last result addresses the case oy -f; = 0, and shows the method always
produces one interpolant — except when vy = ko (the inequality (31) cannot
hold in this special case, since vy = ky implies that n4 = 0 and np = —,
and consequently 84 = 0 and g = —7).

Proposition 4. If of - f; = 0 and vy # ko, ezactly one of the two values By,
Bp satisfies (35).

Proof : In this case, the angle (36) is * = 0 when of - g; > 0, and B, =7
when of - g; < 0. Now in general, 54 € [0,7) and g € [—m, 0). However,
since vy # ko, we have ny4 # 0 and np # —m, which imply that 54 € (0, )
and B € (—m,0). Thus, exactly one of them belongs to the interval (37)
identifying the angles § that satisfy (35). B

5In this case, since u; = jo = —j and v; = kg = —k, the initial and final frames are
obtained by reflecting i, j, k in ng =i and nj, respectively.
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