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Abstract. Minimum-time traversal of curved paths by Cartesian CNC
machines, subject to prescribed bounds on the magnitude of acceleration
along each axis, usually involves a “bang-bang” control strategy in which
the acceleration bound is realized by one or another of the machine axes
at each instant during the motion. For a path specified by a polynomial
parametric curve and prescribed acceleration bounds, the time—optimal
feedrate may be expressed in terms of a C° piecewise—rational function of
the curve parameter. This function entails sudden changes in either the
identity of the limiting axis, or the sign of acceleration on a single limiting
axis, incurring demands for instantaneous changes of motor torque that
may not be physically realizable. A scheme is proposed herein to generate
smoothed C" (slightly sub-optimal) feedrate functions, that incur only
finite rates of change of motor torque and remain consistent with the axis
acceleration bounds. An implementation on a 3—axis CNC mill driven by
an open—architecture software controller is used to illustrate this scheme.

1 Introduction

When a system of bounded motive force is commanded to execute a given spatial
path, it is natural to ask: what control strategy, consistent with the motive—force
constraints, yields the minimum traversal time? Suppose the path is a straight
line, to be traversed by a rocket capable of equal maximum forward and reverse
thrust, that starts and ends at rest and is free of external forces. The obvious
answer in this case is to accelerate with maximum forward thrust to the midpoint
and then to apply maximum reverse thrust for the second half of the traversal.
This type of solution is known as “bang-bang” control, since it involves operation
at the limits of the motive—force constraints throughout the entire motion, and
is characteristic of most time-optimal control schemes [9,12].

Time-optimal feedrates are of interest in high—speed machining [11,16,19]
where the traversal of strongly—curved paths at high feedrates can cause inertial
effects to dominate cutting forces, friction, etc. However, time—optimal feedrates
for Cartesian CNC machines subject to prescribed axis acceleration bounds are
in general continuous, but non—differentiable at certain switching points or break
points along the curved path. The resulting discontinuities in feed acceleration
(rate of change of feedrate) along the curved path imply instantaneous changes



in the output torque of the motors that drive the machine axes, which are not
physically realizable. The goal of this study is to develop a simple automatic
means of smoothing time-optimal feedrates so as to remove the feed acceleration
discontinuities, without significantly increasing the overall path traversal time
or violating the original axis acceleration constraints.

This paper is organized as follows. Section 2 provides a brief summary of the
time—optimal feedrate problem for acceleration-limited Cartesian CNC machines
executing paths specified by polynomial parametric curves [18]. The procedure
for smoothing the C° break points and switching points of these feedrates is then
developed in Section 3, together with a method for ensuring that the smoothed
feedrate does not violate the original acceleration constraints. In Section 4 we
describe the real-time CNC interpolator algorithm for the smoothed feedrate.
Finally, Section 5 provides experimental validation of the smoothing process
through implementation on a 3—axis open—architecture CNC mill, and Section 6
summarizes our present results and makes some concluding remarks.

2 Time—-optimal feedrates

The time—optimal feedrate problem was first studied in the context of robotics
[2,13-15] — typically for systems with revolute joints. In a previous study [18]
we have applied these methods to Cartesian CNC machines. The latter context
is attractive, because it admits computation of a closed—form expression for the
time—optimal feedrate when the path is specified as a polynomial parametric
curve. The differential equation that governs the extremal acceleration phases
can be solved analytically, and the break points and switching points delineating
such phases can be computed using only a univariate polynomial root solver.

Since it is rather involved, we refer the reader to [18] for complete details' of
the time—optimal feedrate algorithm. Our focus in this paper is on developing a
post—processing step, employed to smooth thetangent—discontinuous points that
arise generically in the time-optimal feedrate. The smoothed feedrate, although
slightly sub—optimal, is less taxing on the axis drive motors since it does not
demand instantaneous changes in the axis motor output torque.

2.1 Path geometry and kinematics

Consider a path specified [4] by a degree—n Bézier curve
n n 3
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with control points py = (zk, Yk, 2x) for K = 0,...,n. If s denotes cumulative
arc length along the curve, the parametric speed o(§) of this curve is defined by
d
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! See also [17] for an extension of the algorithm to accommodate finite axis velocity
bounds as well as acceleration bounds.



and the unit tangent and normal vectors and curvature are defined by
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The feedrate v is the derivative ds/dt of arc length with respect to time, while

a = dv/dt is called the feed acceleration. Derivatives with respect to time ¢ and

the curve parameter £, denoted by dots and primes respectively, are related by
d dsdféd o d @)
dt — dt dsdé o d¢’

In terms of v and a, the velocity and acceleration vectors along the curve may

be written as

v=r=uwt, a=1t=at+ kv’n.

Given a suitable feedrate function v(§) for the path r(£), the real-time CNC
interpolator algorithm within the machine control software computes a reference
point within each sample interval of the digital controller. The difference between
the reference point and the actual machine position, as measured by encoders
on the machine axes, constitutes the error signal for the control loop.

2.2 Construction of the time—optimal feedrate

Using relations (1) and (2) and noting that r’ - r’" = g¢’ allows the acceleration
vector to be written as
v’ v?

!
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It is convenient to work with the square of the feedrate, which we denote by ¢ =

v2. In terms of ¢ and its derivative ¢' = 2vv’ the components of the acceleration
along each axis may be expressed as
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For a given path r(£), the time—optimal feedrate problem consists of determining
the function v(£) that will minimize the integral

(3]
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subject for all £ € [0,1] to the constraints

A, <a; <+A, ) _Ay < Gy < +Ay; —A, <a, <+A; s (4)



where A;, Ay, A, are prescribed acceleration bounds for the machine axes.

Complete details on the solution of this problem were presented in [18]. We
content ourselves here with summarizing some key points that are pertinent to
the feedrate smoothing problem. Observing that ¢' = 20a, the three inequalities
(4) are linear in ¢ and a, and each defines a strip of feasible states in the (g, a)
plane. The intersection of these three strips yields a six—sided parallelogram of
feasible (v%,a) combinations, and of course only the portion in the right half of
the plane (v? > 0) is physically meaningful (see Figure 1).
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Fig. 1. Left: The constraints (4) define the set of feasible states as the portion of a six—
sided parallelogram in the right half of the (v?, @) plane. Right: any feedrate lower than
the velocity limit viim(€) yields a range amin < a < amax of feasible feed accelerations.

At each point of the path r(), the right—most vertex of the parallelogram
shown in Figure 1 defines the maximum possible feedrate viim (&) consistent with
the constraints (4). The graph of vjim (£) in the (&, v) plane is the velocity limit
curve (VLC). This graph is continuous, but not differentiable everywhere — it
exhibits slope discontinuities at critical points, where there is a change in the
identity of the constraints defining the right—-most parallelogram vertex.

The construction of the time-optimal feedrate function is performed in the
(&, q) plane, below the “forbidden region” bounded by the VLC. At points below
the VLC, there is a range [Gmin,@max] of feasible feed accelerations, and in
general the optimal feedrate ¢(£) is a piecewise—analytic function whose segments
correspond alternately to integrating the differential equations a = amax(&,v)
and a = amin(§,v). Transitions between consecutive amax and amin phases are
called switching points, since they signal a change in the identity of the limiting
acceleration constraint. In general, some switching points lie on the VLC and
others are situated below it. Besides switching points, the time—optimal feedrate
generically exhibits other types of break points, corresponding to turning points,
inflections, equi—orientation points, and transition points — see [18] for further
details and a complete algorithm description.



Consider the form of the time—optimal feedrate function during an extremal
acceleration phase. If x is the limiting axis, taking (4) with equality yields
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where the quantity a, = £1 identifies amax/amin Phases. The linear differential
equation (5) admits the closed—form solution

q= (%)2 (C+2a,4,x), (6)

with the integration constant C' determined from a known point (£, qs) of the
trajectory. Similar expressions hold if y or z, rather than z, is the limiting axis.

2.3 Illustrative example

Figure 2 shows a typical example of the time—optimal feedrate computation for a
planar Bézier curve with axis acceleration bounds 4, = A, = 10* in/min”. The
time—optimal feedrate ¢(£) can be represented exactly as a piecewise-rational
function with five switching points: one is a critical point on the VLC, one is a
tangency of an amin/amax trajectory with the VLC, and the remaining three are
intersections of anin and amax trajectories below the VLC.
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Fig. 2. Test curve (left) and construction of time-optimal feedrate along it (right). The
region of infeasible states above the VLC is shown shaded. The time-optimal squared
feedrate g(&) is a piecewise—rational function with three switching points below the VLC
(circles) and two switching points on the VLC (squares denote VLC critical points, and
triangles denote tangency points of amax Or amin trajectories with the VLC).



3 Smoothing of time—optimal feedrates

To maintain a near—time—optimal form for the smoothed feedrate, we adopt a
strategy that inserts a short smoothing segment centered on each C° break point
or switching point of the exact time—optimal feedrate. With this approach, most
of the time—optimal feedrate is left unmodified, and the smoothing segments are
designed to meet the unaltered segments with C! or C? continuity.
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Fig. 3. Quintic Bézier curve with two switching points and an intermediate break point
indicated, delineating the three segments of the time—optimal feedrate function.
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Fig. 4. Time—optimal feedrate v versus curve parameter £ for the Bézier curve shown
in Figure 3, with switching points between feedrate segments denoted by circles.

To illustrate the need for feedrate smoothing, we show in Figure 4 the time—
optimal feedrate for the Bézier curve in Figure 3. This feedrate exhibits two
switching points that incur feed acceleration discontinuities, and an intermediate



break point defined by a path turning point. Figure 5 indicates the individual x
and y axis accelerations resulting from application of the time—-optimal feedrate
to the specified path. The bang—bang nature of the motion is clearly apparent,
with either the z or y axis exhibiting saturation at the prescribed acceleration
limits +10, 000 in/ min® throughout the entire traversal (for simplicity we employ
planar tool paths as examples: the extension to spatial paths is straightforward).
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Fig. 5. Accelerations of the z axis (left) and y axis (right) in in/min” versus the curve
parameter ¢ for time-optimal traversal of the curve shown in Figure 3. On the first
curve segment, the acceleration is saturated at the upper bound on the y axis, while
on the second and third segments it is saturated at the upper and lower bounds on the
z axis. Note the acceleration discontinuities in both the x and y axes at the switching
points, which demand instantaneous changes in output torque of the axis drive motors.

3.1 Form of feedrate-smoothing segments

The first step in the smoothing process is to identify all C° break points and
switching points & in the exact time—optimal feedrate, and to define a smoothing
interval [&, &, ] of width A, = & — & centered on each. On this interval, the
function ¢(&) giving the square of the exact feedrate is replaced by the form

a*(§)
w?(§)

Here the parametric speed o(&) is determined by the curve r(£), while w(§) is
a polynomial whose coeflicients will be used to match the endpoint values and
derivatives of the smoothing feedrate segment with the unmodified time—optimal
segments at the interval end-points &, &.. Each C° point & of the time-optimal
feedrate has an individually—determined polynomial w(§).

Specifying the smoothing function w(§) as a quintic allows the modified feed
segment to match the unmodified feedrate segments with C? continuity (or C*
continuity with two residual degrees of freedom available for shape adjustment).

g:(§) =

for £ €[&,&]. (7)



This polynomial is defined in Bernstein form using a normalized parameter by

5
w(u) = I;)wk (2) (1 —u)® Fuk where u = é__icll .

The coefficients wg, wi and wy, ws allow for interpolation of end—point values
and first derivatives of the time—optimal feed segments, while ws and ws yield the
additional degrees of freedom. These degrees of freedom may be used to ensure
that the modified feedrate segment will be traversed in an integer number of
time steps of the digital controller.

The specific form (7) of the smoothing element is motivated by the desire to
have a closed—form reduction of the integral arising in the real-time interpolator
algorithm (described in Section 4 below). In terms of the normalized parameter
u, the elapsed time along this segment with the feedrate (7) is

t(u):/ zdu:/ w du
o v 0

and hence t(u) is simply a polynomial, since w is a polynomial in w.

3.2 Matching end—point values and derivatives

For each switching point &, with smoothing interval [, &, ] a unique quintic
smoothing function may be obtained by matching the values and first and second
derivatives of the smoothing segment to those of the time—optimal feedrate at
the interval endpoints &, &.. The first and second derivatives of the smoothing
segment (7) with respect to £ are

, 20(c'w—ow)
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7= w2 - w3 + wt
Re—arranging (7) and (8) to write w, w', w" on the left then gives
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Taking first and second derivatives of w(u) and relating u € [0,1] to £ € [&,&, ]
then yields the following expressions for the coefficients of w(u):

' 2, n
wo =w(&), w1 =wo+ AE%(&), we = 2wy —wo + 7(A£k)2éu (&) ,
. Ay w' (§r) (A& w" (&) .

w3 = 2wy — ws +

ws =w(), wi=w : , 50



The factors of A& and (A& ) arise from the fact that

dw 1 dw
dE = A& du’

3.3 Adjustment for integer number of time steps

Because CNC machine controllers employ digital time sampling, it is desirable to
adjust the smoothing function slightly to ensure that the smoothing segment may
be traversed in an integer number of time steps At¢. This can be accomplished
while maintaining C'! continuity between the smoothed and unmodified feedrate
segments by adjusting only the middle two coefficients w2, w3 of the smoothing
function. The total traversal time T for the smoothed feedrate segment is

' Ag ¢
T=A§k/ wduzTZwk. (10)
0 k=0

The total time is divided by the sampling interval At to give the nominal number
of steps needed for the smoothing segment. This number is then rounded up to
the nearest integer value N, and a new traversal time Ty, corresponding to an
integer number of time steps is defined by Tyew = N At
Multiplying the middle two control points of (10) by a scaling factor k and
equating with Tew gives
AT

Thew = T[’LUo+’LU1+k(’LU2+’IU3)+’IU4 +w5],

and hence the appropriate value of the scaling factor is

6 Thew /A& — (wo + w1 + wy + ws)
ws + w3 )

k

(11)

Once the coefficients wy and ws have been multiplied by k&, the resulting time
function will correspond to an integer number of time steps for traversal of the
smoothed feedrate segment.

3.4 Compatibility with acceleration constraints

Using a smoothed feedrate segment of the form (7) with end—point values and
derivatives matched to those of the unmodified time—optimal feedrate does not
automatically guarantee that the smoothed segment will be compatible with
the axis acceleration constraints (4). Requiring the smoothed feedrate to be less
than or equal to the original time—optimal feedrate does not per se ensure the
satisfaction of these constraints. Thus, an additional step is required to check
that the smoothed feedrate does not violate these constraints.
For the smoothing feedrate segment (7) the axis accelerations (3) are

wz" —w'z wy// _ wlyl
Uy = ———, Ay = —————.

e (12)

w3



Applying the smoothing algorithm described above to a variety of time—optimal
feedrates and evaluating (12) indicates that in most cases the modified feedrate
segments do satisfy the acceleration constraints, but in some cases the size of
the smoothing interval A&, may require adjustment.

Starting with a nominal smoothing interval of A¢; = 0.08, and incrementally
reducing this interval if violations of the acceleration constraints occur, appears
to be a satisfactory approach to satisfying the constraints in all cases. A lower
bound on A¢ (and the corresponding number of time steps) is imposed by the
need for an integer number of time steps. Rounding up for an integer number
of time steps has little effect when the total number of time steps is large, but
rounding a segment up from a low number of steps can cause an oscillatory
smoothed feedrate, incurring acceleration constraint violations. To preserve a
near—time—optimal form for the modified feedrate, an upper bound on A&, must
also be imposed so that the smoothing segments account for a relatively small
fraction of the overall feedrate profile. Assuming equal, symmetric acceleration
constraints (A, = A, = A, say) gives

"o "'y
—ASMS‘FA and _ASM<+Aa
w w
or
wz" —w'e — w3A <0, wy"—w'y'—wSA <0, (13)
wz” —w'z' + w4 >0, wy” —w'y' +w*A >0,

for the axis acceleration bounds on a smoothed feedrate segment.

All four of the inequalities (13) must be satisfied to assure that there are
no acceleration constraint violations. To verify this, the coefficients of each of
the four polynomials on the left are examined. If all the coefficients are of the
same sign, and are greater than or equal to zero or less than or equal to zero, as
appropriate, the constraints are satisfied. However, coefficients of mixed sign do
not necessarily signal a constraint violation over the smoothing interval. In the
case mixed-sign coefficients, a Sturm sequence [8,21] may be used to verify if the
bounding function has any roots within the smoothing interval. If no roots are
indicated, the bound is satisfied. Otherwise, a shorter smoothing interval must
be used to avoid violation of an acceleration constraint.

3.5 Smoothing example

To illustrate the smoothing process, a step—by-step smoothing of the time-
optimal feedrate shown in Figure 7, for the path in Figure 6, is described below.
In this example, there are four switching points that require feedrate smoothing
and an additional three break points (corresponding to path turning points) that
do not require smoothing. For simplicity, a single smoothing interval A& = 0.06
will be used, centered about each of the four switching points . Each of these
points is smoothed individually as follows.
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Fig. 6. Quintic Bézier curve with break points and switching points between feedrate
segments indicated by circles. The curve starts and ends at the point (z,y) = (2.5, 1.0).
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Fig. 7. The time-optimal feedrate v (for acceleration bounds A = +10,000 in/min’
on both axes) versus the parameter ¢ along the curve in Figure 6, with break points
and switching points indicated by circles.



1. Starting with the left-most switching point to be smoothed and referring to
it as &1, the left and right smoothing interval endpoints & and &, are simply
=& —3A¢and & = & + 5 AL

2. The squared time—optimal feedrate ¢(£) along with its derivatives ¢'(£), ¢"' (§)
and the parametric speed o(£) and its derivatives o’(§), " (&) are evaluated
at & and &, for use in (9) to determine values for w(£), w'(€), w" () at & and
&-. With the desired values of w and its derivatives known at the smoothing
interval endpoints, coefficients for the smoothing function w(u), defined on
u € [0,1], are determined.

3. The function w(u) is integrated over [0, 1] to obtain the traversal time T for
the smoothing segment, and a new traversal time T},e, corresponding to an
integer number of sampling intervals At is obtained from Tyew = [T/ At] At.
The time factor k is given by (11) and once w2 and w3 have been multiplied
by k, we are assured that the smoothed segment will be completed in a whole
number of time steps of the digital controller.

4. The smoothed feedrate segment is checked for violations of the acceleration
constraint, as discussed in the preceding section, and adjusted as necessary
if the constraints are not immediately satisfied.
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Fig. 8. Smoothed time-optimal feedrate v versus curve parameter £ for the curve shown
in Figure 6 with smoothing intervals A = 0.06.

Figure 8 shows the resulting feedrate after all the derivative discontinuities
have been removed. Figure 9 compares the accelerations of the z and y axes
corresponding to the original time-optimal feedrate (Figure 7) and the smoothed
feedrate (Figure 8). The acceleration discontinuities apparent in the former have
clearly been eliminated in the latter, while maintaining consistency with the
prescribed acceleration bounds.
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Fig. 9. Comparison of individual axis accelerations for the z (upper) and y (lower)
axes versus the curve parameter £, corresponding to the original time—optimal feedrate
shown in Figure 7 (left) and the smoothed feedrate shown in Figure 8 (right). The
acceleration discontinuities incurred by the original feedrate have been eliminated with
the smoothed feedrate, but the acceleration bounds £10, 000 in/ min? are still satisfied.



4 Real-time CNC interpolator

The role of the real-time intepolator in a CNC system is to compute, at each
sampling time ¢; = jAt of the digital controller, a reference point r(¢;) along the
curve in accordance with the specified feedrate variation. The actual machine
position at time ¢; (as measured by encoders on the machine axes) is compared
with this reference point in order to generate a control signal for the axis drive
motors. The elapsed time ¢ is related to the curve parameter £ through the
interpolation integral, defined by

& o
e) = ot = [ % ae. (14)
0o v
We note that the unknown ¢; in equation (14) is the upper limit of integration.
In order to have an efficient and accurate real-time interpolator, capable of
accommodating a variable feedrate v, it is desirable that the above integral
have a simple closed—form reduction. For further background on real-time CNC
interpolator algorithms, see [3,5-7,10, 20, 22]

If the function #(£) has a simple closed—form expression, we can solve the
equation t(;) = jAt by a few Newton-Raphson iterations, using the preceding
reference—point parameter value £;_1 as a starting approximation. Note that ¢(§),
being the integral of a positive function, is monotone—increasing. Fortunately,
a closed—form reduction of the interpolation integral is possible for both the
unmodified time-optimal feedrate segments and the smoothing segments.

For the form (6) of the squared time-optimal feedrate (assuming that z is
the acceleration—limited axis), substituting into (14) gives

& x' C + 20, A,x(&))
=) Vormas T T A

where the integration constant K is determined by the condition £ = 0 at ¢t = 0.
Similarly, for a smoothing feedrate segment of the form (7) we obtain

+K,

&
1e;) = /0 wde,

and since w is a polynomial, ¢ is a polynomial of degree one higher. It is defined
on the normalized interval u € [0,1] in Bernstein form

tu) = gtk (Z)u — )8 kyk,

by the coefficients t; = 0 and

wWo w1 wa
t1:t0+F, t2:t1+F, t3:t2+F,
ws3 wy Wsy
tg =t3 +—, ts =t4 + —, te =t5 + —.

6 6 6



5 Experimental implementation

5.1 Open—architecture CNC milling machine

The machine used in the experiments is a MillRight Compact Series 18 3—axis
CNC milling machine manufactured by MHO Corporation (Figure 10), operating
with the OpenCNC controller developed by Manufacturing Data Systems, Inc.
Rather than the usual “black—box” type CNC controller, this system follows
the open—architecture principle, allowing the user full access to all the functions
and data that control the machine. In particular, custom real-time interpolators
can be substituted for the standard G code interpolators. Precision ground ball-
screws powered by brushless DC motors drive the three machine axes, with shaft
mounted encoders providing position feedback and allowing for data collection.
The digital controller operates with a sampling frequency f = 1024 Hz (sampling
interval At = 1/f = 0.001 sec) and a single processor provides the user interface,
controls the motors, and interpolates the tool paths in real time.

Fig. 10. The MHO 3-axis mill with OpenCNC open—architecture software controller
used for the time-optimal feedrate smoothing experiments.

Tool paths to be executed are transmitted to the machine in the form of part
program files, which are read by a pre—processor that computes geometric and
feedrate information prior to invoking the appropriate real-time interpolator for
the type of path and feedrate to be executed. In the present context, the machine



is driven directly from the analytic description of the path as a Bézier curve, and
the corresponding smoothed time—optimal feedrate functions specified in terms
of piecewise-rational functions. Unlike common practice in NC part programs, it
is not necessary to approximate the path by piecewise-linear/circular G codes.

5.2 Results

Figure 11 shows the measured time—optimal feedrate corresponding to an actual
run of the machine along the Bézier curve shown in Figure 3 with acceleration
bounds 410,000 in/min2 on each axis. Axis location data is measured by the
encoders in each sampling interval of the digital controller, and axis velocities are
computed a posetriori from the saved position data by first—order differencing.
The feedrate is computed as the magnitude of the vector whose components are
defined by the individual axis velocities. The measured feedrate profile seen in
Figure 11 differs somewhat from the “theoretical” profile in Figure 4, primarily
due to the fact it is plotted against the elapsed time ¢ rather than the curve
parameter £ (these variables are related by d¢/dt = v/o).

Figures 12 and 13 show measured feedrate data from runs with the smoothed
time—optimal feedrate on the same curve (Figure 3), with smoothing intervals
A& = 0.04 and 0.08 respectively. The traversal time for the unsmoothed feedrate
was 3688 time steps At, whereas the smoothed feedrates required an additional
3 time steps and 7 time steps, respectively — these amount to only 0.08% and
0.19% increases in the total traversal time for the smoothed feedrates, a modest
price to pay for effectively eliminating the derivative discontinuities from the
time—optimal feedrate (and consequent abrupt changes in motor torque output).

Finally, Figures 14-16 show another Bézier curve and corresponding feedrates
as determined from the encoder data. In this case, the unsmoothed feedrate
requires 2963 time steps, and using a smoothing interval of A& = 0.08 requires
an additional 6 time steps (a 0.20% increase in traversal time) while eliminating
the derivative discontinuities.

6 Closure

The implementation of time—optimal control on Cartesian machines with fixed
acceleration bounds on each axis is particularly attractive, since this problem
admits an essentially closed—form solution given a univariate polynomial root—
solver to identify the feedrate break points and switching points. For a path
defined by a polynomial curve r(§), the square of the time—optimal feedrate
may be determined as a piecewise-rational function ¢(§) of the curve parameter.
Furthermore, this feedrate may be realized by a real-time CNC interpolator that
works directly off the analytic curve description, obviating the need to invoke
cumbersome and problematic G code [1] approximations.

The formal solution to the time—optimal feedrate problem is a C° function,
that exhibits derivative discontinuities at certain points. Use of this function
incurs instantaneous changes in the torque demand imposed on the axis drive
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Fig. 11. Measured time—optimal feedrate for curve shown in Figure 3.
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Fig. 12. Smoothed time-optimal feedrate for the curve shown in Figure 3 (A{ = 0.04).
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Fig. 13. Smoothed time-optimal feedrate for the curve shown in Figure 3 (A{ = 0.08).
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Fig.14. Another quintic Bézier test curve for time-optimal traversal.
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Fig. 15. Time—optimal feedrate for curve shown in Figure 14.
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Fig. 16. Smoothed time—optimal feedrate for curve shown in Figure 14 (A£ = 0.08).



motors, which is physically unrealizable and may cause damage. In this paper we
propose a simple scheme to remove the sudden jumps in acceleration incurred by
the formal time—optimal feedrate solution. This yields a more practical, smoother
motion with only a very modest (typically < 1%) increase in the overall path
traversal time. The smoothed feedrate coincides with the exact time—optimal
feedrate over most of its extent, and the form of the smoothing elements is
designed to facilitate a simple real-time CNC interpolator algorithm.
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